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1 Ocean Wavenumber Estimation From
: Wave-Resolving Time Series Imagery

3 Nathaniel G. Plant, K. Todd Holland, and Merrick C. Haller

4 Abstract—We review several approaches that have been used to

5 estimate ocean surface gravity wavenumbers from wave-resolving

6 remotely sensed image sequences. Two fundamentally different

7 approaches that utilize these data exist. A power spectral density

8 approach identifies wavenumbers where image intensity variance

9 is maximized. Alternatively, a cross-spectral correlation approach
10 identifies wavenumbers where intensity coherence is maximized.
11 We develop a solution to the latter approach based on a tomo-
12 graphic analysis that utilizes a nonlinear inverse method. The
13 solution is tolerant to noise and other forms of sampling deficiency
14 and can be applied to arbitrary sampling patterns, as well as to
15 full-frame imagery. The solution includes error predictions that
16 can be used for data retrieval quality control and for evaluating
17 sample designs. A quantitative analysis of the intrinsic resolution
18 of the method indicates that the cross-spectral correlation fitting
19 improves resolution by a factor of about ten times as compared
20 to the power spectral density fitting approach. The resolution
21 analysis also provides a rule of thumb for nearshore bathymetry
22 retrievals—short-scale cross-shore patterns may be resolved if
23 they are about ten times longer than the average water depth
24 over the pattern. This guidance can be applied to sample design to
25 constrain both the sensor array (image resolution) and the analysis
26 array (tomographic resolution).

27  Index Terms—Adaptive signal processing, image processing, sea
28 floor, sea surface, wavelength measurement.

29 1. INTRODUCTION

30 NCREASINGLY, observations of coastal processes are re-
31 A quired over wide areas and at high spatial and temporal
32 resolutions. In particular, recent modeling advances enable
33 the simulation of wave parameters and wave-driven flows at
34 resolutions as fine as a few meters. These model predictions
35 require initial and boundary conditions, and because model
36 results are often very sensitive to the details of the water
37 depths, the bathymetry is an important boundary condition. In
38 addition, the bathymetry may evolve significantly in several
39 hours during storms or over longer time periods under more
40 quiescent conditions. Therefore, providing models with up-to-
41 date bathymetry is required to achieve accurate predictions.
42 Furthermore, continuous bathymetric observations are essential
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in understanding the overall sediment and morphologic dy- 43
namics in coastal regions. As these observations are required 44
both over large spatial regions and continuously in time, direct 45
surveying methods are not up to this challenge, and remote 46
sensing methods are required. 47

Shore-based remote sensing platforms can provide a con- 48
tinuous data stream that is also synoptic, typically spanning 49
the region from the shoreline out to intermediate depths. For 50
example, video camera stations are a numerous and well- 51
established data source [1], [2]. With these data, it is possible 52
to see the kinematic interaction of the incident wave field with 53
the bathymetry (i.e., wave shoaling and refraction); hence, this 54
information can be used to obtain estimates of bathymetry [3], 55
[4]. An alternative approach for estimating bathymetry that 56
utilizes time-averaged estimates of dissipation from remote 57
sensing data [5]-[7] can only be applied in the surf zone and 58
at the shoreline [8], [9]. It is possible to estimate bathymetry 59
using other remote sensing approaches, such as multispectral or 60
hyperspectral analysis [10], [11], which are typically deployed 61
from aircraft. 62

Approaches to bathymetry estimation that are based on wave 63
kinematics utilize the depth dependence of the wave speed 64
or, equivalently, the wavelength and frequency, since ¢ = f/k, 65
where c is the wave phase speed, f is the wave frequency, and 66
k is the wavenumber = 1/L, in which L is the wavelength. 67
Overall, this approach requires image sequences, or time series 68
of intensity at discretely sampled locations, that adequately 69
resolve the wave motions. This situation differs from typical ap- 70
plications that use airborne or space-borne platforms, as those 71
systems do not have long-enough dwell time to temporally 72
resolve the surface waves but may be able to resolve the slowly 73
varying current field [12]. 74

The underlying methodology to solve this surface wave 75
kinematics estimation problem has taken a number of different 76
forms. These include finding the frequency and wavenumbers 77
where spectral energy is a maximum [13]-[15], estimating the 78
wavelength directly from a cross-shore-oriented pixel array at 79
particular frequencies [3], estimating the time delay between a 80
pair of image locations [16], and estimating spatial translations 81
of the image field (the so-called particle image velocimetry) 82
from sequential image pairs [17]. Once the wave speeds (or 83
wavelengths) have been estimated, the data can be used to 84
estimate depth via a wave dispersion relationship. This last 85
step requires an inverse model solution that solves for a depth 86
that minimizes differences between the predicted speed (from 87
the dispersion relationship) and the estimated speed (from the 88
imagery). 89

The diverse methodologies listed above are similar in 90
that most are designed to extract estimates of wavenumber 91
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92 components at discrete frequencies from the imagery. However,
93 it is not clear how well each method performs in a wide range
94 of environments, including the laboratory, open water (where
95 wavenumber variations that are controlled by currents may
96 be important), open coasts (i.e., long straight beaches), and
97 enclosed coasts (which have inlets and strong wave—current
98 interactions). In addition, it is not clear how well each method
99 can be applied to other imaging modalities, such as microwave
100 radar [18], [19]. Therefore, the objective of this paper is to
101 quantify the sensitivity of wavenumber estimation methods
102 to variations in the sample design (e.g., spatial and temporal
103 resolutions) and signal-to-noise ratios of the imaging system.
104 To understand the situation, we will decouple the wavenumber
105 estimation problem from that of estimating water depth. To
106 this end, we define the problem, and we derive a formal
107 inverse model that solves for the unknown spatially variable
108 wavenumbers from image sequences (or intensity time series
109 from a subset of image pixels). We evaluate the suitability
110 of various sampling scenarios, including 1- and 2-D spatial
111 arrays. In addition, we evaluate the abilityto predict the errors
112 of the wavenumber estimates. Error predictions are essential for
113 quantitative quality control and impact the results of subsequent
114 bathymetry estimations as well as field evaluations of, for
115 example, wave dispersion models [4], [20].

116  This paper is organized as follows. In Section II, we describe
117 the general problem of wave phase speed estimation and its
118 equivalent wavenumber estimation problem, and we derive an
119 inverse model for estimating spatially varying wavenumbers.
120 In Section III, we evaluate the skill of the newly developed
121 method using both synthetic and real-world data sets applied to
122 both 1- and 2-D spatial domains. In Section IV, we discuss the
123 similarity and differences between existing wavenumber esti-
124 mation approaches, and we quantify the theoretical constraints
125 on the spatial resolution of wavenumber and bathymetry esti-
126 mates. Section V summarizes the important results, including
127 the following: 1) that the proposed method provides improved
128 spatial resolution and quantitative error predictions and 2) that
129 it is well suited to solve the bathymetry inversion problem.

130 II. THEORY

131 We assume that georeferenced image sequences exhibiting
132 intensity modulations attributable to surface gravity waves are
133 available and that their sampling rate is sufficient to resolve a
134 significant portion of the gravity wave spectrum. The imagery
135 can be expressed as I (z;, y;, t), where x;, y; is the spatial coor-
136 dinate of the ith image pixel, and ¢ represents discrete sampling
137 times. At frequencies of interest, we wish to characterize the
138 spatial variation of the wave field, including the changes in
139 wavelength and direction that occur in nearshore areas due to
140 shoaling and refraction.

141 Our first objective is to describe an efficient and accurate
142 method of calculating estimates of ¢ (or, equivalently, k).
143 We will make some additional simplifying assumptions. For
144 example, many details regarding the sensor imaging mecha-
145 nisms, such as light absorption, reflection, and scattering, are
146 ignored [21]. Variance introduced at sum/difference frequen-
147 cies and wavenumbers via wave nonlinearity is also ignored

[22]. The (spatially) unresolved portion of the image signal, 148
corresponding to water waves that are shorter than the Nyquist 149
wavelength of the image samples, is not treated in detail other 150
than to assume that it will appear as white noise. This aliased 151
component can be resolved [15], [23], but this is probably only 152
required if we were attempting to reconstruct the details of the 153
time-varying sea surface. Instead, our focus is on extracting the 154
resolvable spatial variability of the wavenumber vector field. 155
Finally, we assume that this variability can be described by a 156
finite number of modes. For example, a particularly egregious 157
assumption will be that the wave field at a single frequency is 158
locally well represented by a single wavelength and direction. 159
Our approach tests this particular hypothesis with a quantitative 160
model so that violations can be identified. 161

A. Time Delay Problem Definition 162

We assume that time delay information is available from 163
the spatially separated pixels such that an intensity time series 164
at one location can be predicted from observations at another 165
location, i.e., 166

I(@i,yi,t) = gijnd (25, y5,t + At jn) +eijn(t)  (1a)

where the time lag At; ; , maximizes the correlation or min- 167 AQ4

imizes the variance of the error e; ;, between observations at 168
sample locations x;,y; and x;,y; due to the nth wave compo- 169
nent. The parameter g; ; ,, is a tunable correlation coefficient. In 170
one spatial dimension (e.g., normal to the shoreline), the time 171

lag is related to the wave properties as 172
Aty m / cos (anfr]) ;-
4 cn[2]
_ / cos (an JEID kula] by

T4

where «,, is the direction of the nth wave component (e.g., it 173
corresponds to a discrete frequency and wavenumber f,,, k,, 174

respectively), and ¢,, is the celerity of that wave component. 175 AQs5

The cosine inside the integral indicates that the analysis only 176
resolves the wave component in the shore-normal direction. 177
This equation is the basis for any tomographic analysis applied 178
to physical properties of the Earth [24], including the speed of 179
sound waves in the ocean [25]. 180

The wave field can be described in a discrete spatial domain 181
with spacing Az. The discrete time delay equation becomes 182

M cos (ap[zm])
Ati,j,n :AZL' Z Di,j,mi

m=1 n [$m}
M cos (ap[2m])
=Az ) Dm)mfikn[xm] 2
m=1 n

where the matrix D is a design matrix defined on both the 183
sample domain x;,x; and the estimation domain described 184
by location x,,. (We will refer to the estimation domain as 185
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186 the tomographic domain to maintain that analogy.) The design
187 matrix describes how each observation contributes information
188 to the estimate of the unknown model parameters o, ,, and
189 ky, m. In 1-D, elements of D are equal to unity between two
190 sensors and are zero elsewhere. Smoothness constraints can be
191 implemented through filtering of D such that sharp changes in
192 the estimated celerity are not permitted.

193 Clearly, in this form, the time delay equation is linear with
194 respect to the unknown wavenumbers. The number of obser-
195 vations required to solve the problem must be at least equal
196 to the number of elements M in the tomographic domain.
197 Furthermore, the spatial distribution of the observations is
198 important. For instance, an element in the center of an array of
199 observations will have many contributions, whereas elements
200 at the ends of the array will have fewer contributions. Thus,
201 while the resolution of x,, is arbitrary, the resolvable scales of
202 intensity variance depend on the data sampling resolution.

203 To utilize the time delay equation with remotely sensed
204 imagery, one must estimate the time lag At associated with
205 the propagation of the visible wave signal. The time lag will
206 differ for all sensor pairs. This requires some sort of a search for
207 the At that corresponds to a maximum in the cross correlation
208 function 7; ;, as given by

ri i (At) = W(AL)" (I(zi, t)(x;,t + At)) 3)

209 where W is a bandpassed filter that is convolved against the
210 cross correlation, and the angle brackets indicate an ensemble
211 average over all observation times. This method has recently
212 been used, for instance, in the estimation of flow speeds with
213 fiber optic sensors [26]. At this stage, the estimation of the
214 time delays typically requires a nonlinear search algorithm;
215 therefore, the linearized version of the time delay equation does
216 not avoid a nonlinear estimation step.

217 B. Phase Delay Problem Definition

218  Since it is natural to work with wave processes in the
219 frequency domain, an alternative approach is to apply a discrete
220 Fourier transform to the observations and rewrite the time delay
221 as a phase delay by computing the cross-spectral correlation
222 between two sensors as follows:

OB = (i, NI (2, 1) )
:’}/i,j,f CXp{\/j@iJJ} (4)

223 where the tilde indicates the Fourier transform, the asterisk
224 indicates the complex conjugate, angle brackets indicate en-
225 semble or band averaging, v is the coherence, and ® is the
226 phase shift between two sample locations z; and x; for a
227 particular frequency. Since the phase shift between two sensors
228 is ®; ; ¢ = fAUL; ; ¢, replace At with the right-hand side of (2),
229 and insert the resulting expression for ® into (4) to get a model
230 for the cross-spectral correlation, which is described as follows:

M
C%%DEL =exp{ 2rAzv -1 Z D; j mkm, f cos(am, f)

m=1

®)

While the time delay equation is linear in the cross-shore 231
wavenumber k,, r cos(a,, ), the cross-spectral correlation 232
equation is a nonlinear function of the wavenumber. 233

An apparent advantage of the spectral formulation is that the 234
problem of filtering the time series within particular frequency 235
bands is accomplished via Fourier transform, and the nonlin- 236
ear problem of identifying time delays in the observations is 237
avoided. A disadvantage of the Fourier transform approach 238
is a requirement for sufficient sample duration to resolve the 239
frequencies of interest. This disadvantage is mitigated by the 240
use of coherence to identify robustness of the analysis. A 241
further disadvantage is that a phase ambiguity exists such that 242
Destimate = Pirue — (270h), where b is the phase ambiguity, and 243
Destimate lies on the interval (—m, 7). Thus, sample locations 244
that are separated by more than a wavelength are susceptible to 245
aliasing when the phase ambiguity is unknown. (Piotrowski and 246
Dugan [15] deal with this by guessing at the ambiguities.) This 247
problem is well known and has received much recent attention 248
in applications of synthetic aperture radar interferometry. The 249
solutions for cases with potentially large phase ambiguities may 250
be solved via simulated annealing [27]. In the present approach, 251
we will assume that there are a sufficient number of sensor 252
separations that suffer no phase ambiguity—given a decent 253
initial guess of the true wavenumbers, these sensor separations 254
can be identified a priori. A data-adaptive identification method 255
is explained in Section II-C-3. 256

C. Wavenumber Estimation Solution Methods 257

Previous approaches to estimating wavenumbers (and 258
directions) at a particular frequency contain different mixtures 259
of local and nonlocal solutions to the problem. For instance, 260
the approach of Piotrowski and Dugan [15] assumes locally 261
horizontal bathymetry (implying spatially constant wavenum- 262
ber magnitude and wave direction over an analysis region) 263
and calculates the image intensity spectrum as a function of 264
two wavenumber components and frequency via Fourier trans- 265
forms. This spatially homogeneous spectrum assumption is 266
applied over a large number of nearby sample locations (com- 267
monly a 256 x 256 patch of pixels, with a typical resolution 268
of 1 m%pixel1). For all wavenumber components, a frequency 269
of maximum spectral density is identified. This approach 270
does not directly utilize correlations across regions where the 271
wavenumber is changing (in the shoaling region), which are 272
explicitly contained in the formulation given by (2). There are 273
other approaches used to analyze spectral energy distribution 274
of wavenumber (e.g., [28] and [29]), but these also assume 275
spatial homogeneity. 276

We seek to avoid the restriction of spatial homogene- 277
ity because, for example, it is commonly not applicable in 278
nearshore areas where bathymetry and currents can induce 279
rapid wavenumber variations over short distances and where a 280
higher resolution is required. Hence, we turn our attention to so- 281
lution methods that fully utilize the available spatial correlation 282
information. These allow a highly resolved spatially variable 283
wavenumber field. Furthermore, we will focus on the spectral 284
approach based on (4) rather than the time-domain approach 285
that would be based on (2). 286



4 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 46, NO. 9, SEPTEMBER 2008

287 1) Single-Mode Analysis: In general, at a single frequency,
288 numerous wave trains, each with different directions, could
289 contribute to the cross-spectral correlation estimate defined by
290 (4). Thus, the original tomographic equation relating time delay
291 to wave speed is inherently a stochastic problem, with each
292 wave train contributing to and blurring the best-fit speeds and
293 the corresponding time delays. One possible approach for sep-
294 aration of the various contributing wave trains is to decompose
295 the cross-spectral correlation into the most coherent modes as
296 follows:

Q
OBS H
C(i,j,f = Z P@qafrq,fpj,q,f ©
q=1

297 where I' ¢ is the Q@ x @ diagonal matrix with eigenvalues of
298 Cic’)ffs ,and P; , ; are the corresponding eigenvectors. In their
299 approach to estimating bathymetry from video imagery this
300 way, Stockdon and Holman [3] selected the first (dominant)
301 eigenmode to approximate the cross-spectral matrix at a single
302 dominant frequency. The magnitude of the eigenvector at each
303 location z; indicates its contribution to the total correlation,
304 and the spatial phase differences are described by the phase of
305 the eigenvector. To extract wavenumber information, which is
306 related to the gradient of the phase, Stockdon and Holman [3]
307 unwrapped the phases of P and estimated the local gradient of
308 the potentially noisy phase estimates, e.g.,

- iqBiJrl,l,f — di-11 )
W7 o (Tig1 —xim1)

309 This estimate is the cross-shore component of the dominant
310 wavenumber, and the full wavenumber requires an estimate
311 of the alongshore component, which they obtained from a
312 different analysis approach and was assumed constant across
313 the domain.

314 Although this method is computationally efficient, it suffers
315 several disadvantages. First, using only the first eigenmode
316 requires significant coherence across the entire domain. Typ-
317 ically, the center of the domain will dominate the first mode
318 [30]. Thus, the phase estimates at the offshore and onshore
319 ends of the array and at the location of wave breaking (where
320 coherence and phase are disrupted by changes in the imaging
321 mechanism for optical data) may be poorly estimated. Second,
322 phase errors due to observation noise or phase ambiguity are
323 difficult to estimate, which is problematic because error pre-
324 dictions are essential for assessing the value of the extracted
325 data. A potentially devastating situation is that of an array with
326 very dense samples such that the denominator of (7) approaches
327 zero and the estimate primarily amplifies measurement errors,
328 rather than identifying the slowly varying wavenumber. Fi-
329 nally, there is potentially useful information at multiple wave
330 frequencies in addition to that at the “dominant” frequency.
331 The identification of a “dominant” frequency involves tradeoffs
332 between signal strength, spatial coherence, and spatial resolu-
333 tion. These attributes are not necessarily the maximum at all
334 spatial locations at the “dominant” frequency. As we will show,
335 there are several advantages utilizing information from multiple
336 frequencies.

2) Nonlinear Inversion Method: Since wavenumber is non- 337
linearly related to the cross-spectral correlation, a typical 338
nonlinear inversion method, such as Levenberg—Marquardt 339
(LM) [31], can be used. The objective is to minimize the 340
weighted squared difference between successive estimates of 341
the modeled cross-spectral correlation when compared to the 342
observations, i.e., 343

i SO

where, at each iteration 7, the model-observation mismatch 344
is weighted by the observed coherence. For the 1-D case, we 345
cannot estimate the wave angle and, therefore, will only obtain 346
estimates of the cross-shore component of the wavenumber. 347
However, extension to two horizontal dimensions is straight- 348
forward (see Section III-C), given 2-D image sequences. 349
Linearized models for the wavenumbers on the tomographic 350
domain are solved iteratively as follows: 351

MODEL, 7
AC = {%jvfci,j,f -

T+1 T T
ARy, = (RTTRT) T [RT)TACE
R

— iy
=B jm.s
=154V 1D jmCoyy T A ©)

The model-observation mismatch is ordered as a column vec- 352
tor, with each element corresponding to a particular ¢—7; pair 353
of observation locations. The matrix R describes the sensi- 354
tivity of the cross-spectral correlation to the variation in each 355
wavenumber in the tomographic domain. Thus, each column of 356
R corresponds to the elements in the tomographic domain x,,,, 357
and each row corresponds to a x; —x; spatial separation pair. It 358
is possible to efficiently compute R by evaluating CMOPEL:™ 359
at the observation locations. In the case where the predicted 360
wavenumber updates Ak} . do not converge (according to an 361
a priori tolerance), the LM method diagonalizes R such that the 362
minimization method is equivalent to gradient descent search. 363

Error predictions for the wavenumber estimates are com- 364
puted as 365

(5)? = ding (R [R7)) " ([ACF)" [acF]) /v (10)

where the degrees of freedom v equals the sum of the co- 366
herences. This error prediction assumes that the errors in the 367
wavenumber updates are normally distributed, and that the 368
data are independent. The latter assumption is certainly not 369
true, since data from a single observation location contributes 370
to many observation pairs in the cross-spectral correlation 371
estimate. However, the error predictions should provide good 372
estimates of the relative error at different locations. Those lo- 373
cations with strong sample support (D > 0,7 > 0) and strong 374
sensitivity (d/dk|CMOPEL| > 0) will have the lowest error. 375

The nonlinear inverse method satisfies some important cri- 376
teria for providing robust wavenumber estimates. First, it 377
allows a spatially variable solution that can be applied to 378
all available frequencies. Second, error estimates that reflect 379
the sample design, the signal coherence, and the desired 380
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381 solution resolution are easily computed for use in assessing data
382 quality. We therefore suggest this to be the most appropriate
383 approach to wavenumber estimation in nearshore settings. The
384 primary drawback to implementation of the method is addi-
385 tional computational complexity. However, this drawback can
386 be handled using existing computational capabilities, includ-
387 ing efficient matrix operations, multiprocessor computers, and
388 ever-increasing memory.

389  3) Implementation Issues: Some final implementation is-
390 sues are addressed here. They encompass choices that must be
391 made about the analysis domain, which can have very different
392 and typically coarser resolution properties compared to the
393 image data. The tomographic resolution is a free parameter for
394 any application of this methodology. The cost of high resolution
395 is a larger sample design matrix D and a larger sensitivity
396 matrix R. Both must be stored in the computer memory, and the
397 latter must be squared and inverted. The cost of low resolution
398 is an inaccurate representation of the spatial variations of the
399 wavenumber. To balance these two costs, we chose to represent
400 the wavenumber estimate with basis functions such that

M
ki = Z ai,mkm

m=1

(1)

401 where a k,,, basis set is defined on a relative coarse domain, and
402 a; , represents smoothing weights used to project the basis set
403 to an arbitrary location ;. The smoothing weights can be any
404 filter function. We used a Hanning filter

a(8im) = {1 — cos (0.57[1 + 6;,m])},

5i,m = ‘.El — $m‘L;1

if Tim < 1
(12)

405 where L, is a smoothing lengths scale. A smooth solution

406 requires L, > Ax,, (where Az, is the tomographic domain

407 resolution). The sample design matrix must be modified to
408 include the spatial correlation imposed by the basis function

j
D jm = E aitm-

i’ =1

13)

409  Additionally, to impose continuity on estimates in regions
410 where there might be large data gaps, the sensitivity matrix R
411 used in (9) was augmented with the basis autocorrelation such
412that R = R+ pQ and Q = [am m/]T @m m/, where p=0.1
413 was used. This solution balances minimizing the cross-spectral
414 correlation errors against errors due to spatially erratic results
415 that are associated with unresolved scales of the solution.

416  While the coarse resolution (Ax,,) of the tomographic do-
417 main should be designed to adequately resolve the bathymetry,
418 it does not adequately resolve the much shorter scale of the
419 wave phase variations. Using x,, directly in (5) would lead to
420 integration errors in the model for the cross-spectral correla-
421 tions. To solve this problem, the coarsely defined and smoothly
422 varying wavenumbers on the x,, domain were interpolated to
423 a much finer grid spacing of 1 m, using (11). Phases were
424 then integrated to each observation location on this fine grid
425 using (5).

Phase ambiguity remains to be a problem. A particular 426
phase difference at large spatial separations might result from 427
the integration over a large number of short wavelengths, or 428
integration over a fraction of a larger wavelength. Mismatches 429
between the observed and predicted phase of the cross-spectral 430
coherence at these large lags may not be very useful in indicat- 431
ing whether a wavenumber estimate should be locally increased 432
or decreased to improve the fit to the observations. Since the 433
LM method assumes small phase errors, the coherence can 434
be artificially reduced at long lags by applying a Hanning 435
window mask (12) with a length scale parameter that adaptively 436
depended on the wavenumber estimate: L7, = 1/kT . where 437
kmax 1s the maximum computed wavenumber in the domain. 438
The mask was applied to the sensitivity as R} ; = R; ja;,; (i.€., 439
an element-wise multiplication, not convolution). We found 440
that this approach worked well for initial wavenumber guesses 441
that were either too high or too low. In principle, as the 442
estimate converges, more distant sensor pairs may be allowed 443
to contribute to the solution by increasing the length scale of 444
the mask. 445

Finally, the iterative estimation scheme requires an initial 446
wavenumber estimate. We suggest generating an initial esti- 447
mate using linear wave theory and an estimate of the water 448

depths. 449
III. APPLICATIONS 450
A. Synthetic Example 451

To evaluate the suggested wavenumber estimation approach, 452
we applied it to a synthetic data set. Cross-spectral correlations 453
[Figs. 1(a) and (b) and 2(a) and (b)]were computed for two 454
frequencies (i.e., 0.1 and 0.2 Hz) using linear wave theory 455
to construct wavenumber profiles from a planar depth profile 456
[Figs. 1(c) and 2(c)]. Random errors were included in the cross- 457
spectral correlation by adding 50% random noise to the “true” 458
wavenumber profile [Figs. 1(d) and 2(d)] and summing the 459
resulting phases over 100 realizations. This combination of 460
noise level and number of realizations produced cross-spectral 461
correlations with a realistic coherence decay with increasing 462
sensor separation distances. The phases were sampled at loca- 463
tion x5, with spacing Az of 5 m. The cross-spectral correlation 464
phases are, by definition, zero along the diagonal (i.e., where 465
the signal from location x; is compared to itself) and are an- 466
tisymmetric about the diagonal (®;; = —®;). The simulation 467
shows that the wavelength is longer offshore (phase differences 468
change slowly with spatial lags) and is shorter nearshore. 469
The low-frequency (longer) waves are better resolved (broader 470
coherence and clearly periodic phase structure) than the high- 471
frequency waves (narrow coherence, random phase structure at 472
large spatial separations). 473

Wavenumber estimates and corresponding error predictions 474
were obtained using the nonlinear inverse method on a to- 475
mographic domain with spacing Ax,, = 20 m. We performed 476
several experiments, including using all of the data, removing 477
some of the sample data in a patch located between S0 m < x < 478
100 m, and initializing the iterative method with wavenumbers 479
that were too large and too small. Fig. 3 shows the estimation 480
results applied to both frequencies. The estimated wavenumbers 481



6 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 46, NO. 9, SEPTEMBER 2008

a
( ) phase
300 ;
€ 200}
[0]
[$)
c
M
» 100
©
0 g
0 100 200 300
distance (m)
(c)
0
E s
c
R
T
o -10
[
-15

0 100 200 300
distance (m)

coherence

distance (m)

0 100 200 300
distance (m)

o
N

o
w

©
N

5
i

. —_~
normalized wavenumber 2

o

0 100 200 300
distance (m)

Fig. 1. Cross-spectral correlation (a) phase and (b) coherence for 0.1-Hz (10 s) wave propagation over (c) plane-sloping bathymetry. (d) Wavenumber samples
were generated using linear wave theory plus a random variation. Error bars show one standard deviation. Wavenumbers are shown normalized by the sample
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Fig. 2. Cross-spectral correlation phase and coherence for 0.2-Hz (5 s) wave propagation. Description of each panel is the same as in Fig. 1.

482 were very accurate at nearly all locations. At locations where
483 the estimate was relatively inaccurate, such as near the location
484 of the data gap, the error predictions (10) were also large.
485 It is worth noting that the wavenumber estimate depends on
486 the initial guess of the wavenumber in the region where data
487 were missing. While such dependence on the initial guess is
488 undesirable, the predicted errors correctly identify the region
489 that is susceptible to the problem.

B. Field Data Example 490

We evaluated the nonlinear inversion method for wavenum- 491
ber estimation using observations from a set of video cameras 492
mounted on a tower at the U.S. Army Corps of Engineers Field 493
Research Facility (FRF), Duck, NC. The cameras did not store 494
full image frames (Fig. 4) during the study period, but instead, 495
time series of intensity at a sparse set of spatial locations 496
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Fig. 3. Example wavenumber estimates using synthetic data for (a—c) a 10-s period and (d—f) a 5-s period. The estimation is started out with initial guess (circles)
that is half the true value (a and d). The estimate (4) is nearly identical to the true value (solid line). The rms error predictions (dashed line) are larger for the
less well-resolved 5-s period data. In the second experiment (b and e), a 50-m patch of the observations was removed between 50 < & < 100 m. In the third

experiment (c and f), the initial guess is twice the true value.

Fig. 4. Camera view of the Duck field site, showing the image time series
sample locations (black dots). The camera orientation and distortion are used to
map the data to georeferenced locations. The cameras are mounted on a tower,
whose shadow on the beach provides a self-portrait.

497 were retained for analysis (Fig. 5). This sampling scheme was
498 implemented to balance data storage constraints against the
499 requirements for resolving the important components of the
500 incident wave field. With a cross-shore sample spacing of about

alongshore distance (m)

1 1
300 350 400 450 500 550

cross-shore distance (m)

Fig. 5. Duck sampling pattern with the shoreline at the left near = 100.
Bathymetric survey locations are indicated by dots (very densely spaced in
the cross-shore direction); image time series (+) were sampled over the
2-D domain. The samples used in the 1-D analysis are indicated with bold
symbols. Wavenumbers were estimated on a sparse tomography domain, which
is indicated by circles (1-D case).

5 m, waves longer than 20 m (half the Nyquist wavenumber) 501
should be well resolved. This corresponds to waves with a 502
period longer than 6 s at a water depth of 1 m. At the Duck 503
field site, the annual mean wave period is about 8 s, which 504
means that a depth of 1 m, these waves have a 25-m wavelength 505
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Fig. 6. Cross-shore bathymetry transect surveyed on November 4, 1999, at
an alongshore location near 600 m (solid line), 560 m (long dash), and 640 m
(short dash).

506 and are well resolved. With this array design, these waves are
507 resolvable until water depths reach about 0.75 m. Thus, for this
508 field site, and depending on tidal height, wavenumber estimates
509 should be possible for the region offshore of about z = 120 m
510 (Fig. 6).

511 As in the synthetic example, we chose a cross-shore res-
512 olution of Az,, = 20 m for the tomographic domain and a
513 corresponding smoothing scale of L, =40 m. At the FRF,
514 ground-truth bathymetry data were obtained from a three-
515 wheeled (10-m footprint) survey vehicle, called the Coastal
516 Research Amphibious Buggy [32]. The ground-truth bathym-
517 etry along the 1-D cross-shore transect (Fig. 5, middle) that
518 is used in this analysis is shown in Fig. 6. It includes a very
519 steep swash zone (near = 120 m), an inner sand bar (z =
520 230 m), and an outer sand bar (z = 450 m). While the remote
521 sensing data extend from 100 m < z < 500 m, we estimate
522 the wavenumber both onshore and offshore of this extent. The
523 error predictions should indicate the locations where robust
524 wavenumber estimates are available.

525  Using the pixel array data collected on November 4, 1999,
526 at approximately 20:00 GMT, the sample cross-spectral cor-
527 relation (4) was computed at a series of frequencies ranging
528 from 0.07 Hz (15-s wave period) to 0.23 Hz (4-s wave period).
529 The record length was 68 min, and the sample interval was
530 0.5 s. The band-averaged frequency resolution was 0.03 Hz,
531 with 136 nonoverlapping frequency samples used in each band.
532 The phase and coherence are shown in Fig. 7 for each sample
533 frequency. Only the lower portion of the symmetric correlation
534 matrix was computed and stored. Spatial coherence, summed
535 over all spatial separations, was highest at 0.167 Hz (6 s),
536 followed by 0.10 Hz (10 s), and then 0.2 Hz (5 s) (Table I). We
537 expect that these frequencies will yield accurate wavenumber
538 estimates if the corresponding wavenumber structure is spa-
539 tially well resolved. Note that the peak wave energy does not
540 necessarily correspond to the peak coherence. In this case, the
541 peak wave period based on sea surface height measured 8 m
542 offshore was 8.9 s (0.11 Hz); the peak direction was 24° south
543 of the shore normal; and the significant wave height was 0.5 m.
544  The nonlinear inverse estimation method was applied to
545 the sample cross-spectral correlations at each frequency over

=0.067 Hz

distance (m)

distance (m)

100 WEa=—me
100 200 300 400

=0.133 Hz
500

400
300
200

distance (m) distance (m) distance (m)

distance (m)

100 200 300 400 500 100 200 300 400 500

distance (m) distance (m)

Fig. 7. (Left column) Phase and (Right column) coherence for individual
frequencies determined from pixel array data (Duck, NC).

TABLE 1
COHERENCE AND WAVENUMBER ERROR STATISTICS

Frequency Total Coherence RMS wavenumber error
(Hz) (m™)
0.067 609.051 0.020
0.100 999.266 0.026
0.133 748.390 0.034
0.167 1052.162 0.048
0.200 855.658 0.053
0.233 638.458 0.068

the entire array. To initialize the iterative method, at each 546
frequency, a linear dispersion model was used (assuming shore- 547
normal wave incidence) to generate initial wavenumbers at each 548
location x,,. We used a bathymetry with a constant depth of 549
1 m for the initial guess. 550

For the purpose of comparison, linear wave theory was 551
used to compute the “true” wavenumber for each frequency. 552
The measured bathymetry and tide level at the time of the 553
image collection was used. (We acknowledge that linear wave 554
theory gives an imperfect ground-truth for parts of our analysis 555
domain [20].) Fig. 8 shows the comparison of the “true” and 556
estimated wavenumbers. The rms mismatch between the “true” 557
and estimated wavenumbers was computed by using the pre- 558
dicted errors as weights. Thus, locations where the predicted 559
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560 errors (shown as error bars) were relatively high did not con-
561 tribute as much to the rms error. The best estimates (Table I)
562 were obtained for the lowest frequency (0.067 Hz, rms error
563 0.02 m~1). This is a bit surprising, given the low coherence at
564 this frequency. However, these waves are relatively long, and
565 their spatial structure is well resolved by the sample design.
566 The three frequencies with largest spatial coherence also had
567 relatively low rms errors. Importantly, the spatial distribution of
568 the predicted errors reflected the locations having high-quality
569 data. Overall, the estimated wavenumbers were correlated to the
570 “true” values with 72 = 0.96 and a slope of 1.0 (Fig. 9).

571 C. Applications in 2-D

572 The wavenumber estimation methods based on fitting the
573 cross-spectral correlation can be extended to a 2-D domain.
574 This allows the wave direction to be included as an unknown
575 parameter. Drawbacks of such an extension are given as fol-
576 lows: 1) the number of unknown variables is doubled (and this
577 quadruples the computational effort for the wavenumber esti-
578 mation procedure) and 2) the dimension of the cross-spectral
579 correlation matrix is approximately squared, increasing both
580 computational effort as well as memory requirements for the
581 data analysis procedure. For example, the 2-D pixel array in the
582 field data application included 1124 sample locations, yielding
583 632250 useful cross-spectral correlation elements, each with
584 a real and an imaginary component, at each of the six sample
585 frequencies. The result is 7.5 million data values. It should be
586 noted that the spatial extent of this sampling array is not unusu-
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Wavenumber estimates using Duck data. Error bars show the rms error prediction. Solid line shows linear wave theory prediction for each frequency.
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Fig. 9. Comparison of estimated and “true” wavenumbers [correlation
coefficient = 1.05 and skill(r2) = 0.96]. Data represent all analyzed frequen-
cies and all locations in the tomographic domain.

ally large, as it spans only a few hundred meters alongshore. 587
Many useful applications could extend at least several to tens of 588
kilometers alongshore. To overcome the data management hur- 589
dles, we solve the inverse problem locally over spatial regions 590
where we assume the wavenumber and direction to be slowly 591
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(a) Estimates of (a) wavenumber magnitude and (c) wave direction and (b, d) predicted errors at a frequency of 0.10 Hz (10-s wave period). The median

direction at the seaward boundary was —5° (waves approach from the south, but nearly shore normal). White dots on the wavenumber error prediction plot indicate
image pixel sample locations. (b) Estimates of wavenumber magnitude and wave direction and predicted errors at a frequency of 0.167 Hz (6-s wave period). The

median direction at the seaward boundary was +29° (waves from the north).

592 varying. That is, we solve the problem at one spatial location at
593 a time (i.e., with M = 1) rather than solving for wavenumbers
594 at all locations simultaneously. Then, we move the analysis to
595 each element of the tomographic domain. The revised approach
596 still benefits from resolving both the frequency and spatial
597 dependence of the cross-spectral correlation without having to
598 assume a locally homogeneous bathymetry.

599  Fig. 10(a) and (b) shows the analysis of a 2-D domain.
600 The results are plotted for two different frequencies (0.10 and
601 0.167 Hz). Fig. 10(a) (0.10 Hz) shows that the wavenum-
602 ber is robustly estimated in much of the domain, indicated
603 by error predictions that are much smaller than the mini-
604 mum wavenumber. Errors are larger along the shoreline near
605 x = 100 m. At the offshore boundary, the direction of wave
606 approach varies somewhat but is generally close to shore
607 normal. The median direction along the offshore boundary
608 was —5° (waves approaching slightly from the south); the
609 median direction over the whole domain was —1°; and the
610 median directional uncertainty was 7°. Fig. 10(b) (0.167 Hz)
611 shows that wavenumber is, again, robustly estimated. At the
612 offshore boundary, the direction of wave approach was clearly
613 from the north. The median direction along the offshore
614 boundary was 28° (waves approach from the north); the median
615 direction overall was 20°; and the median directional uncer-
616 tainty was 4°. Fig. 11 shows independent estimates of the
617 frequency- and direction-resolved spectrum obtained from an

array of pressure sensors located 900 m offshore at a water 618
depth of 8 m [33]. It shows the same differences in approach 619
directions for the two frequencies presented in Fig. 10(a) and 620
(b). For both frequencies, the directions estimated from the 621
pressure sensors have larger magnitudes than the image-derived 622
directions. This is consistent with effects of refraction over 623
the 400-m propagation distance between the gage and the 624
seaward boundary of our estimation domain. Correcting for 625
refraction (symbols plotted in Fig. 11) significantly improves 626
the comparison between the image- and pressure-based wave 627
direction estimates. 628

D. Application to Bathymetry Inversion 629

While the wavenumber estimates are directly useful for char- 630
acterizing the wave directional distribution and for testing wave 631
dispersion relationships, a key motivation for this effort is to 632
facilitate robust remote-sensing-based bathymetry estimation. 633
Bathymetry estimation requires a solution of yet another inverse 634
problem using a dispersion model that relates wavenumber to 635
water depth. We use linear wave theory, i.e., 636

(27 f)? = gk tanh(kh) — k = funct.(f, h) (14)

where g is the gravitational acceleration, and h is the local 637
water depth. Given values for f (i.e., sample frequencies) 638
and h (a guess at the correct depth), this equation can be 639
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Fig. 11. Slices from directional wave spectrum based on in situ measurements
at a water depth of 8 m. The two frequencies closest to 0.1 and 0.167 Hz were
selected. Peak directions were —18 (0.1 Hz) and 34° (0.17 Hz). The refracted
peak directions were computed for shoaling from a depth of 8 m to a depth of
5 m and are shown with symbols (+ for 0.1 Hz and o for 0.167 Hz). The arrows
indicate the median direction at the offshore boundary corresponding to the 2-D
wavenumbers of the motion imagery analysis.

640 solved for wavenumbers (it is a transcendental equation, solved
641 iteratively). We use the LM method to solve for the value of h
642 that minimizes the error between the wavenumber predicted by
643 (14) and that estimated from the imagery via (9). The advantage
644 of separating the bathymetry inversion from the wavenumber
645 inversion is that the quality of the image data can be objectively
646 evaluated. Data with large errors can be rejected outright, or the
647 errors can be used as weights in the inversion scheme, just as the
648 coherence was used in (8). Furthermore, since each frequency
649 is independent of the others, the depth inversion applied at each
650 spatial location uses a number of independent wavenumber esti-
651 mates. This should result in quantitatively accurate bathymetric
652 error predictions, because the number of degrees of sampling
653 freedom will not be overestimated. Otherwise, cross-spectral
654 correlation estimates are not independent because data from
655 each pixel are utilized multiple times as they is compared to
656 itself and all the other pixels. Another reason for separating
657 the wavenumber estimation from the bathymetry estimation is
658 that the sensitivity of wavenumber to depth is very high in
659 shallow water and is zero offshore. The near-zero sensitivity at
660 the offshore region will destabilize a global bathymetry inver-
661 sion, whereas this does not affect the wavenumber estimation
662 problem.

663  The wavenumber error predictions obtained from the non-
664 linear inversion can be used to identify thresholds used to
665 reject or weight the wavenumber estimates when applied to the
666 depth inversion problem. Fig. 12 shows the spatial distribution
667 of the errors and the error histogram from all the locations
668 and frequencies. There appears to be a minimum error of
669 approximately 0.05 m~". Thus, errors that are much larger than
670 this value indicate relatively low-quality data. Using a Gibb’s
671 energy analogy [27], weights applied to the depth inversion
672 were computed as E = exp(—¢/k), where £ was 0.02 m™ 1,
673 and ¢ is the error prediction (as long as x < 0.1, the choice
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Fig. 13.  Water depth estimated from image-derived wavenumbers. The esti-
mates from the 1-D wavenumber inversion are shown with error bars and the
estimates from the 2-D analysis are shown as a solid line with dashed lines,
indicating one standard deviation error. The nearest survey observations are
shown as blue dots.

of k was not too important). The weight E is largest for error 674
predictions approaching the minimum error, and E is small for 675
larger errors. 676

Fig. 13 shows the resulting water depth estimates based on 677
the 1-D (cross-shore) estimates of the wavenumber. Skillful 678
depth estimates are obtained from depths between 2 and 6 m. 679
The prediction is most accurate over the sandbar, where the 630
mismatch between surveyed and estimated bathymetry is less 681
than 10 cm, and the predicted errors are also small. Seaward of 682
about 300 m (depths > 5 m), the bathymetry estimate is less 683
accurate, and the error predictions are larger. Near the shore- 684
line, the wavelength is short and poorly resolved; wavenum- 685
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Fig. 14. Comparison of bathymetry derived using (a) 2-D wavenumber es-
timates and (c) surveyed (and spatially interpolated) bathymetry. Maps show
(b) the predicted errors from the wavenumber inversion and (d) the actual
differences between wavenumber inversion and survey. White dots on the
error maps indicate the sample locations for both (b) imagery and (d) survey
data sets.
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686 ber error predictions are large, and the bathymetry estimate
687 iS poOr.

688  The differences between the predicted and true bathymetries
689 are not random. Offshore, the predictions are too deep. This
690 is likely due to neglecting the wave direction for the 1-D
691 analysis and interpreting the cross-shore wavenumber compo-
692 nent as the wavenumber magnitude that appears in (14). In
693 essence, the cross-shore wavenumber is too small, and the depth
694 is overestimated. Near the shore, the bathymetry predictions
695 are, again, too deep. This could result from neglecting the
696 alongshore component of wavenumber, or it could be due to
697 wave nonlinearity wherein waves travel faster than predicted by
698 linear dispersion, and the resulting wavenumbers are smaller
699 than expected. The offshore wave height of 0.5 m at the time
700 of the analysis would lead to wave breaking at a water depth
701 of roughly 1 m; hence, there was very little breaking over
702 the bar—as evident in Fig. 4. Other mechanisms for causing
703 discrepancies, such as setup or strong wave—current interactions
704 are not likely to be too important because of the lack of wave
705 breaking to force them.

706  Using the wavenumbers from the 2-D analysis to estimate
707 the bathymetry (Figs. 13 and 14) results in shallower (and
708 mostly improved) bathymetry both offshore and at the shal-
709 lower portions of the profile, suggesting that refraction was,

indeed, largely responsible for the discrepancies observed in 710
the 1-D analysis. Larger errors in the middle of the 2-D 711
region appeared where there was strong alongshore bathy- 712
metric variability (Fig. 4). This variability was not allowed 713
by the smoothing properties inherent in the 2-D analysis 714

approach. 715
IV. DI1SCUSSION 716
A. Comparison to Other Methods 717

The proposed tomographic approach utilizing cross-spectral 718
correlations from coastal imagery resolves spatial and fre- 719
quency variability of the wavenumber field and includes er- 720
ror estimates that can be used to appropriately weight the 721
wavenumber estimates. The proposed approach comes with 722
a larger computational effort than other formulations. Is it 723
worth the effort? The formulations given in (1)-(9) show that 724
the theoretical underpinnings of all of the coherence-based 725
wavenumber estimation approaches are equivalent. Therefore, 726
applying each method to the 1-D test example should yield 727
similar results. Differences between methods will result from 728
the way that each approach rejects observation noise through 729
smoothing at the expense of spatial, frequency, or direction 730
resolution. Since we do not know the “true” answer (except 731
through forward modeling from the surveyed bathymetry), this 732
analysis will not necessarily identify the approach that is most 733
accurate. 734

1) Time Delay Approach: We use the method described in 735
[26] to filter the cross correlation (3) to estimate the time delays 736
between different sample locations. Fig. 15 shows the resulting 737
time delays between all sample pairs and the correlation at 738
each delay. Immediately apparent is the rapid decorrelation with 739
spatial separation. Nonetheless, time lag estimates are accurate 740
compared to “true” values derived using the known wave speed 741
via (2). The advantage of the time delay approach is that the 742
phase ambiguity problem is minimized. This is particularly 743
true in natural systems where the generally broad-band random 744
waves will guarantee that a single time delay will maximize 745
the correlation between sensors. (In laboratory settings with 746
monochromatic waves, strong correlations can be found at lags 747
that are multiples of the wave period.) Fig. 15 shows the phase 748
ambiguity appearing for time lags exceeding 20 s (or about 749
three cycles of the dominant 6-s wave period). A problem with 750
the time delay approach is that it is not clear how the quality 751
of the time delay estimates based on the correlation, which is 752
exceeding low at many relevant lags, is identified. Nonetheless, 753
we computed the wavenumber via an inverse solution of (2). 754
[Inverse solutions of (2) are, in principle, linear and do not 755
require iterations.] Fig. 16 shows wavenumber estimates based 756
on the time delays. In the middle of the computational domain, 757
the results are more or less equivalent to those in Fig. 8 at 758
f=0.167 Hz. 759

Another problem with the time delay approach is that 760
comparisons to predictions from a wave dispersion equation 761
(or its inverse) require specification of a dominant wave pe- 762
riod. In the cross-spectral correlation methods, wave period 763
(or frequency) is an independent variable, not a required input 764
variable. The dependence of time delays for different wave 765
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Fig. 16. Wavenumber estimate (and rms error prediction) using time lag data
(assuming f = 0.167 Hz) compared to the linear wave theory prediction. The
solid line is the theoretical prediction for nondispersive waves, and the dashed
line is theoretical prediction for dispersive waves.

766 periods shows that there could be considerable time delay
767 dependence on wave period (dashed line in Fig. 15), and that
768 these errors accumulate at large spatial lags.

769  2) Single-Mode (EOF) Approach: Given that the proposed
770 nonlinear estimation routine worked well in the test case, we
771 suspect that, due to the long time series and high coherence at
772 several frequencies, the single-mode EOF approach would also
773 be effective. Fig. 17 shows the results of that approach. The
774 results are very good, with a few exceptions. There is clearly
775 more short-scale variability in the EOF estimate, which did
776 not include any smoothness constraint. Simple spatial filtering
777 would achieve a smoother result. However, the EOF wavenum-
778 ber estimate is clearly unstable in a few locations at frequencies

with relatively low coherence. Unfortunately, there is not a clear 779
method to identify the errors. There is no reason to restrict the 780
EOF analysis to a single frequency, and therefore, consistency 781
of estimates across a few frequencies may be used to provide 782
improved uncertainty estimates, particularly if the results are 783
used for bathymetry inversion. Furthermore, if there are multi- 784
ple dominant wave trains at a single frequency, the EOF method 785
could be applied to separate them as a preprocessing step to the 786
nonlinear estimation approach. 787

B. Spatial Resolution 788

It is important to identify the spatial resolution of the 789
wavenumber estimator presented in this analysis. Nearshore, 790
spatial variations in the incident wavenumber (i.e., kyave) result 791
from corresponding variations in the bathymetry. The scale 792
of the bathymetric variations might be shorter or longer than 793
the wave scale, and they might be shorter or longer than 794
what can be resolved by the sampling scheme.Intuitively, it 795
seems reasonable that we can resolve bathymetric variations 796
that are much longer than the incident wavelength. Can we 797
resolve bathymetric variations that are shorter than the incident 798
wavelength? How well must we resolve the incident waves? 799

To illustrate this problem, consider a flat seabed to which 800
small sinusoidal bathymetric perturbations are added. The flat 801
bottom yields a constant incident wave wavenumber Ky aye. If 802
the bathymetric perturbations are small, then the wavenumber 803
is modulated as k() = kwave(1 + 5 cos[2mxkbatny]), Where 804
kbathy is the wavenumber of the bathymetric perturbation, 3 805

AQ7
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Fig. 17.

806 is the resulting (small) amplitude of that perturbation relative to
807 the undisturbed wavenumber. Inserting a modulated wavenum-
808 ber into the equation for the cross-spectral correlation (5) yields
809 (e.g., the imaginary component)

@
Q
|

= sin (27 Azkyave {1 + 5 cos[2TAzkbathy]})

= sin(27r Azkwave)

/Bkwavc

2kbathy

_ ﬁkwave
2kbathy

+ 0(3?).

+ sin (27 Az [kwave + kbathy))

sin (27 Az [kwave — Kbathy))

15)

810 The interaction of the incident wave signal and the bathymetric
811 signal produces two scales of variability (as a function of
812 spatial lag Az) in addition to the wave scale. There is a
813 longer scale response associated with the difference between
814 the incident and bathymetric wavenumbers and a shorter scale
815 response associated with their sum. The response of these
816 contributions is linearly damped as kpatny increases relative
817 10 kwave-
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Comparison of wavenumber estimates using the singular value method (4 ) to the linear wave theory prediction at each sample frequency (solid line).
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Fig. 18. Sensitivity of wavenumber estimation errors to bathymetric pertur-

bation length scales kbathy’ normalized by the surface wavenumber kwave-
The two lines show the sensitivity for the case of no measurement noise
(solid) and 10% noise (dashed). Other parameters were kwave = 27/25 m—1,
Ax = Azy, = 2.5m,and L, = 5m.

This simple example indicates that there are several factors 818
that affect the ability to resolve short-scale bathymetric fea- 819
tures. First, these features modulate the cross-spectral correla- 820
tion most strongly when they are long compared to the incident 821
wavelength (i.e., small values of Kbathy/kwave). In practice, 822
there is an additional damping of short features due to the 823
spatial filtering that is imposed by our analysis. Fig. 18 shows 824
the percent error associated with attempts to retrieve sinusoidal 825
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826 perturbations of the incident wavenumber. Synthetic cross-
827 spectral correlation samples were generated from perturbed
828 wavenumber profiles. In the second example, 10% percent
829 noise was added to the “true” perturbed wavenumber profile.
830 In the case without noise (Fig. 18, solid line), the retrieval
831 errors are less than 20% for kpathy/Kwave < 2.5. The error
832 climbs rapidly for higher bathymetric wavenumbers due to
833 the smoothing filter that completely removes features with a
834 scale equal to the Nyquist wavenumber (knyq = 7/Axz, or
835 knyq/kwave = 9).

836 In the more realistic scenario where 10% percent noise was
837 added to the observations (Fig. 18, dashed line), the error
838 sensitivity is different. There is a local peak in the retrieval
839 error at kbathy/kwave = 1. This occurs because the difference
840 wavenumber term in (15) is zero, and only the sum wavenum-
841 ber contributes to the signal. The sum wavenumber (shorter
842 wavelength) is not well resolved by the sample spacing, and
843 consequently, the perturbation is not well estimated. As kpathy
844 increases, the retrieval error slightly decreases because the
845 difference wavenumber term, which is well resolved, once
846 again contributes to the signal. Finally, further increases in
847 kpathy are not resolved as the smoothing filter again dominates
848 the error.

849  There is a fortuitous relationship between sampling resolu-
850 tion capabilities and typical estimation requirements. Shorter
851 scale bathymetric features are found in the shallowest waters
852 where waves are most sensitive to depth variations. Since shore-
853 based imaging typically has higher resolution closer to the
854 shoreline, the short wavelength signals of interest are most
855 likely to be resolved. In deep water, the length scales of bathy-
856 metric features are longer; the wavelengths that are sensitive
857 to depth variations are also longer; and these longer scales still
858 ought to be resolved by the shore-based sensor. As a rule-of-
859 thumb (assuming measurement noise is unavoidable), the short-
860 est (cross-shore dimension) resolved bathymetric feature will
861 be about twice the wavelength of the incident waves that are
862 resolved by the imaging system. Allowing that nearshore waves
863 are inherently depth dispersive, which implies that kyaveh < 1,
864 this suggests that bathymetric features must be longer than
865 about ten times the water depth. For average water depths of
866 several meters, features that are tens of meters long are, in
867 principle, resolvable. This resolution is about ten times better
868 than what is achievable with the energy density identification
869 approach [15], even with a similar pixel resolution (1-2 m),
870 mainly because the assumption of a locally homogeneous
871 bathymetry over the sampling array region is not required in
872 the proposed method. The tradeoff is that the present approach
873 only resolves a single dominant wavenumber, while the energy
874 density approach resolves many different wavenumbers. The
875 latter approach may perform better in the case of a directionally
876 bimodal or very directionally broad-banded incident wave spec-
877 trum where the assumption of a single dominant wavenumber
878 may be overly simplistic.

879 V. CONCLUSION

880 We have reviewed several approaches that have been used
881 to estimate ocean surface gravity wavenumbers from wave-

resolving image sequences. Two fundamentally different ap- 832
proaches exist that utilize this type of data. A power spectral 883
density approach identifies wavenumbers that maximize image 884
intensity variance. Alternatively, a cross-spectral correlation 885
approach identifies wavenumbers that maximize intensity co- 886
herence. The first method finds, at an arbitrary wavenumber, 887
the frequency associated with maximum spectral density. This 888
approach requires application of a 2- or 3-D FFT to, typically, 889
full frame images. The spatial resolution of the wavenumber 890
estimates is typically O(100) times the image pixel resolution. 891

The second approach finds, at each resolved frequency, the 892
wavenumber that maximizes the observed cross-spectral coher- 893
ence. Numerous solution methods have been suggested for this 894
approach, including cross correlation and empirical orthogonal 895
function analysis. Here, we developed a solution based on a to- 896
mographic analysis that utilizes a nonlinear inverse method and 897
may be applied to both time- and frequency-domain analyses. 898
We demonstrate that a formal treatment of the problem leads to 899
a nonlinear inverse problem that can be solved to yield robust 900
wavenumber estimates and error predictions. 901

We expand in detail a frequency-domain solution approach 902
that yields robust retrievals of wavenumber estimates from the 903
imagery. The approach is tolerant to noise and other forms 904
of sampling deficiency and can be applied to arbitrary sample 905
patterns, as well as to full frame imagery. The approach pro- 906
vides error predictions that are useful for quality control and 907
subsequent applications to, for instance, bathymetry estimation. 908
A quantitative analysis of the resolution of the method indicates 909
that the cross-spectral correlation fitting approach has about 910
ten times better resolution than the power spectral density 911
fitting approach. Furthermore, the resolution analysis provides 912
a rule of thumb for bathymetry estimation: Cross-shore spatial 913
patterns may be resolved if their length is ten times the water 914
depth. This guidance can be applied to sample design to include 915
constraints on both the sensor array (image resolution) and the 916
analysis array (tomographic resolution). Finally, the method 917
supports bathymetry estimation through inversion of a wave 918
dispersion model. It does this by providing robust statistically 919
consistent and independent wavenumber estimates at multiple 920
wave frequencies. 921
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1 Ocean Wavenumber Estimation From
: Wave-Resolving Time Series Imagery

3 Nathaniel G. Plant, K. Todd Holland, and Merrick C. Haller

4 Abstract—We review several approaches that have been used to

5 estimate ocean surface gravity wavenumbers from wave-resolving

6 remotely sensed image sequences. Two fundamentally different

7 approaches that utilize these data exist. A power spectral density

8 approach identifies wavenumbers where image intensity variance

9 is maximized. Alternatively, a cross-spectral correlation approach
10 identifies wavenumbers where intensity coherence is maximized.
11 We develop a solution to the latter approach based on a tomo-
12 graphic analysis that utilizes a nonlinear inverse method. The
13 solution is tolerant to noise and other forms of sampling deficiency
14 and can be applied to arbitrary sampling patterns, as well as to
15 full-frame imagery. The solution includes error predictions that
16 can be used for data retrieval quality control and for evaluating
17 sample designs. A quantitative analysis of the intrinsic resolution
18 of the method indicates that the cross-spectral correlation fitting
19 improves resolution by a factor of about ten times as compared
20 to the power spectral density fitting approach. The resolution
21 analysis also provides a rule of thumb for nearshore bathymetry
22 retrievals—short-scale cross-shore patterns may be resolved if
23 they are about ten times longer than the average water depth
24 over the pattern. This guidance can be applied to sample design to
25 constrain both the sensor array (image resolution) and the analysis
26 array (tomographic resolution).

27  Index Terms—Adaptive signal processing, image processing, sea
28 floor, sea surface, wavelength measurement.

29 1. INTRODUCTION

30 NCREASINGLY, observations of coastal processes are re-
31 A quired over wide areas and at high spatial and temporal
32 resolutions. In particular, recent modeling advances enable
33 the simulation of wave parameters and wave-driven flows at
34 resolutions as fine as a few meters. These model predictions
35 require initial and boundary conditions, and because model
36 results are often very sensitive to the details of the water
37 depths, the bathymetry is an important boundary condition. In
38 addition, the bathymetry may evolve significantly in several
39 hours during storms or over longer time periods under more
40 quiescent conditions. Therefore, providing models with up-to-
41 date bathymetry is required to achieve accurate predictions.
42 Furthermore, continuous bathymetric observations are essential
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in understanding the overall sediment and morphologic dy- 43
namics in coastal regions. As these observations are required 44
both over large spatial regions and continuously in time, direct 45
surveying methods are not up to this challenge, and remote 46
sensing methods are required. 47

Shore-based remote sensing platforms can provide a con- 48
tinuous data stream that is also synoptic, typically spanning 49
the region from the shoreline out to intermediate depths. For 50
example, video camera stations are a numerous and well- 51
established data source [1], [2]. With these data, it is possible 52
to see the kinematic interaction of the incident wave field with 53
the bathymetry (i.e., wave shoaling and refraction); hence, this 54
information can be used to obtain estimates of bathymetry [3], 55
[4]. An alternative approach for estimating bathymetry that 56
utilizes time-averaged estimates of dissipation from remote 57
sensing data [5]-[7] can only be applied in the surf zone and 58
at the shoreline [8], [9]. It is possible to estimate bathymetry 59
using other remote sensing approaches, such as multispectral or 60
hyperspectral analysis [10], [11], which are typically deployed 61
from aircraft. 62

Approaches to bathymetry estimation that are based on wave 63
kinematics utilize the depth dependence of the wave speed 64
or, equivalently, the wavelength and frequency, since ¢ = f/k, 65
where c is the wave phase speed, f is the wave frequency, and 66
k is the wavenumber = 1/L, in which L is the wavelength. 67
Overall, this approach requires image sequences, or time series 68
of intensity at discretely sampled locations, that adequately 69
resolve the wave motions. This situation differs from typical ap- 70
plications that use airborne or space-borne platforms, as those 71
systems do not have long-enough dwell time to temporally 72
resolve the surface waves but may be able to resolve the slowly 73
varying current field [12]. 74

The underlying methodology to solve this surface wave 75
kinematics estimation problem has taken a number of different 76
forms. These include finding the frequency and wavenumbers 77
where spectral energy is a maximum [13]-[15], estimating the 78
wavelength directly from a cross-shore-oriented pixel array at 79
particular frequencies [3], estimating the time delay between a 80
pair of image locations [16], and estimating spatial translations 81
of the image field (the so-called particle image velocimetry) 82
from sequential image pairs [17]. Once the wave speeds (or 83
wavelengths) have been estimated, the data can be used to 84
estimate depth via a wave dispersion relationship. This last 85
step requires an inverse model solution that solves for a depth 86
that minimizes differences between the predicted speed (from 87
the dispersion relationship) and the estimated speed (from the 88
imagery). 89

The diverse methodologies listed above are similar in 90
that most are designed to extract estimates of wavenumber 91

0196-2892/$25.00 © 2008 IEEE
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92 components at discrete frequencies from the imagery. However,
93 it is not clear how well each method performs in a wide range
94 of environments, including the laboratory, open water (where
95 wavenumber variations that are controlled by currents may
96 be important), open coasts (i.e., long straight beaches), and
97 enclosed coasts (which have inlets and strong wave—current
98 interactions). In addition, it is not clear how well each method
99 can be applied to other imaging modalities, such as microwave
100 radar [18], [19]. Therefore, the objective of this paper is to
101 quantify the sensitivity of wavenumber estimation methods
102 to variations in the sample design (e.g., spatial and temporal
103 resolutions) and signal-to-noise ratios of the imaging system.
104 To understand the situation, we will decouple the wavenumber
105 estimation problem from that of estimating water depth. To
106 this end, we define the problem, and we derive a formal
107 inverse model that solves for the unknown spatially variable
108 wavenumbers from image sequences (or intensity time series
109 from a subset of image pixels). We evaluate the suitability
110 of various sampling scenarios, including 1- and 2-D spatial
111 arrays. In addition, we evaluate the abilityto predict the errors
112 of the wavenumber estimates. Error predictions are essential for
113 quantitative quality control and impact the results of subsequent
114 bathymetry estimations as well as field evaluations of, for
115 example, wave dispersion models [4], [20].

116  This paper is organized as follows. In Section II, we describe
117 the general problem of wave phase speed estimation and its
118 equivalent wavenumber estimation problem, and we derive an
119 inverse model for estimating spatially varying wavenumbers.
120 In Section III, we evaluate the skill of the newly developed
121 method using both synthetic and real-world data sets applied to
122 both 1- and 2-D spatial domains. In Section IV, we discuss the
123 similarity and differences between existing wavenumber esti-
124 mation approaches, and we quantify the theoretical constraints
125 on the spatial resolution of wavenumber and bathymetry esti-
126 mates. Section V summarizes the important results, including
127 the following: 1) that the proposed method provides improved
128 spatial resolution and quantitative error predictions and 2) that
129 it is well suited to solve the bathymetry inversion problem.

130 II. THEORY

131 We assume that georeferenced image sequences exhibiting
132 intensity modulations attributable to surface gravity waves are
133 available and that their sampling rate is sufficient to resolve a
134 significant portion of the gravity wave spectrum. The imagery
135 can be expressed as I (z;, y;, t), where x;, y; is the spatial coor-
136 dinate of the ith image pixel, and ¢ represents discrete sampling
137 times. At frequencies of interest, we wish to characterize the
138 spatial variation of the wave field, including the changes in
139 wavelength and direction that occur in nearshore areas due to
140 shoaling and refraction.

141 Our first objective is to describe an efficient and accurate
142 method of calculating estimates of ¢ (or, equivalently, k).
143 We will make some additional simplifying assumptions. For
144 example, many details regarding the sensor imaging mecha-
145 nisms, such as light absorption, reflection, and scattering, are
146 ignored [21]. Variance introduced at sum/difference frequen-
147 cies and wavenumbers via wave nonlinearity is also ignored

[22]. The (spatially) unresolved portion of the image signal, 148
corresponding to water waves that are shorter than the Nyquist 149
wavelength of the image samples, is not treated in detail other 150
than to assume that it will appear as white noise. This aliased 151
component can be resolved [15], [23], but this is probably only 152
required if we were attempting to reconstruct the details of the 153
time-varying sea surface. Instead, our focus is on extracting the 154
resolvable spatial variability of the wavenumber vector field. 155
Finally, we assume that this variability can be described by a 156
finite number of modes. For example, a particularly egregious 157
assumption will be that the wave field at a single frequency is 158
locally well represented by a single wavelength and direction. 159
Our approach tests this particular hypothesis with a quantitative 160
model so that violations can be identified. 161

A. Time Delay Problem Definition 162

We assume that time delay information is available from 163
the spatially separated pixels such that an intensity time series 164
at one location can be predicted from observations at another 165
location, i.e., 166

I(@i,yi,t) = gijnd (25, y5,t + At jn) +eijn(t)  (1a)

where the time lag At; ; , maximizes the correlation or min- 167 AQ4

imizes the variance of the error e; ;, between observations at 168
sample locations x;,y; and x;,y; due to the nth wave compo- 169
nent. The parameter g; ; ,, is a tunable correlation coefficient. In 170
one spatial dimension (e.g., normal to the shoreline), the time 171

lag is related to the wave properties as 172
Aty m / cos (anfr]) ;-
4 cn[2]
_ / cos (an JEID kula] by

T4

where «,, is the direction of the nth wave component (e.g., it 173
corresponds to a discrete frequency and wavenumber f,,, k,, 174

respectively), and ¢,, is the celerity of that wave component. 175 AQs5

The cosine inside the integral indicates that the analysis only 176
resolves the wave component in the shore-normal direction. 177
This equation is the basis for any tomographic analysis applied 178
to physical properties of the Earth [24], including the speed of 179
sound waves in the ocean [25]. 180

The wave field can be described in a discrete spatial domain 181
with spacing Az. The discrete time delay equation becomes 182

M cos (ap[zm])
Ati,j,n :AZL' Z Di,j,mi

m=1 n [$m}
M cos (ap[2m])
=Az ) Dm)mfikn[xm] 2
m=1 n

where the matrix D is a design matrix defined on both the 183
sample domain x;,x; and the estimation domain described 184
by location x,,. (We will refer to the estimation domain as 185
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186 the tomographic domain to maintain that analogy.) The design
187 matrix describes how each observation contributes information
188 to the estimate of the unknown model parameters o, ,, and
189 ky, m. In 1-D, elements of D are equal to unity between two
190 sensors and are zero elsewhere. Smoothness constraints can be
191 implemented through filtering of D such that sharp changes in
192 the estimated celerity are not permitted.

193 Clearly, in this form, the time delay equation is linear with
194 respect to the unknown wavenumbers. The number of obser-
195 vations required to solve the problem must be at least equal
196 to the number of elements M in the tomographic domain.
197 Furthermore, the spatial distribution of the observations is
198 important. For instance, an element in the center of an array of
199 observations will have many contributions, whereas elements
200 at the ends of the array will have fewer contributions. Thus,
201 while the resolution of x,, is arbitrary, the resolvable scales of
202 intensity variance depend on the data sampling resolution.

203 To utilize the time delay equation with remotely sensed
204 imagery, one must estimate the time lag At associated with
205 the propagation of the visible wave signal. The time lag will
206 differ for all sensor pairs. This requires some sort of a search for
207 the At that corresponds to a maximum in the cross correlation
208 function 7; ;, as given by

ri i (At) = W(AL)" (I(zi, t)(x;,t + At)) 3)

209 where W is a bandpassed filter that is convolved against the
210 cross correlation, and the angle brackets indicate an ensemble
211 average over all observation times. This method has recently
212 been used, for instance, in the estimation of flow speeds with
213 fiber optic sensors [26]. At this stage, the estimation of the
214 time delays typically requires a nonlinear search algorithm;
215 therefore, the linearized version of the time delay equation does
216 not avoid a nonlinear estimation step.

217 B. Phase Delay Problem Definition

218  Since it is natural to work with wave processes in the
219 frequency domain, an alternative approach is to apply a discrete
220 Fourier transform to the observations and rewrite the time delay
221 as a phase delay by computing the cross-spectral correlation
222 between two sensors as follows:

OB = (i, NI (2, 1) )
:’}/i,j,f CXp{\/j@iJJ} (4)

223 where the tilde indicates the Fourier transform, the asterisk
224 indicates the complex conjugate, angle brackets indicate en-
225 semble or band averaging, v is the coherence, and ® is the
226 phase shift between two sample locations z; and x; for a
227 particular frequency. Since the phase shift between two sensors
228 is ®; ; ¢ = fAUL; ; ¢, replace At with the right-hand side of (2),
229 and insert the resulting expression for ® into (4) to get a model
230 for the cross-spectral correlation, which is described as follows:

M
C%%DEL =exp{ 2rAzv -1 Z D; j mkm, f cos(am, f)

m=1

®)

While the time delay equation is linear in the cross-shore 231
wavenumber k,, r cos(a,, ), the cross-spectral correlation 232
equation is a nonlinear function of the wavenumber. 233

An apparent advantage of the spectral formulation is that the 234
problem of filtering the time series within particular frequency 235
bands is accomplished via Fourier transform, and the nonlin- 236
ear problem of identifying time delays in the observations is 237
avoided. A disadvantage of the Fourier transform approach 238
is a requirement for sufficient sample duration to resolve the 239
frequencies of interest. This disadvantage is mitigated by the 240
use of coherence to identify robustness of the analysis. A 241
further disadvantage is that a phase ambiguity exists such that 242
Destimate = Pirue — (270h), where b is the phase ambiguity, and 243
Destimate lies on the interval (—m, 7). Thus, sample locations 244
that are separated by more than a wavelength are susceptible to 245
aliasing when the phase ambiguity is unknown. (Piotrowski and 246
Dugan [15] deal with this by guessing at the ambiguities.) This 247
problem is well known and has received much recent attention 248
in applications of synthetic aperture radar interferometry. The 249
solutions for cases with potentially large phase ambiguities may 250
be solved via simulated annealing [27]. In the present approach, 251
we will assume that there are a sufficient number of sensor 252
separations that suffer no phase ambiguity—given a decent 253
initial guess of the true wavenumbers, these sensor separations 254
can be identified a priori. A data-adaptive identification method 255
is explained in Section II-C-3. 256

C. Wavenumber Estimation Solution Methods 257

Previous approaches to estimating wavenumbers (and 258
directions) at a particular frequency contain different mixtures 259
of local and nonlocal solutions to the problem. For instance, 260
the approach of Piotrowski and Dugan [15] assumes locally 261
horizontal bathymetry (implying spatially constant wavenum- 262
ber magnitude and wave direction over an analysis region) 263
and calculates the image intensity spectrum as a function of 264
two wavenumber components and frequency via Fourier trans- 265
forms. This spatially homogeneous spectrum assumption is 266
applied over a large number of nearby sample locations (com- 267
monly a 256 x 256 patch of pixels, with a typical resolution 268
of 1 m%pixel1). For all wavenumber components, a frequency 269
of maximum spectral density is identified. This approach 270
does not directly utilize correlations across regions where the 271
wavenumber is changing (in the shoaling region), which are 272
explicitly contained in the formulation given by (2). There are 273
other approaches used to analyze spectral energy distribution 274
of wavenumber (e.g., [28] and [29]), but these also assume 275
spatial homogeneity. 276

We seek to avoid the restriction of spatial homogene- 277
ity because, for example, it is commonly not applicable in 278
nearshore areas where bathymetry and currents can induce 279
rapid wavenumber variations over short distances and where a 280
higher resolution is required. Hence, we turn our attention to so- 281
lution methods that fully utilize the available spatial correlation 282
information. These allow a highly resolved spatially variable 283
wavenumber field. Furthermore, we will focus on the spectral 284
approach based on (4) rather than the time-domain approach 285
that would be based on (2). 286
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287 1) Single-Mode Analysis: In general, at a single frequency,
288 numerous wave trains, each with different directions, could
289 contribute to the cross-spectral correlation estimate defined by
290 (4). Thus, the original tomographic equation relating time delay
291 to wave speed is inherently a stochastic problem, with each
292 wave train contributing to and blurring the best-fit speeds and
293 the corresponding time delays. One possible approach for sep-
294 aration of the various contributing wave trains is to decompose
295 the cross-spectral correlation into the most coherent modes as
296 follows:

Q
OBS H
C(i,j,f = Z P@qafrq,fpj,q,f ©
q=1

297 where I' ¢ is the Q@ x @ diagonal matrix with eigenvalues of
298 Cic’)ffs ,and P; , ; are the corresponding eigenvectors. In their
299 approach to estimating bathymetry from video imagery this
300 way, Stockdon and Holman [3] selected the first (dominant)
301 eigenmode to approximate the cross-spectral matrix at a single
302 dominant frequency. The magnitude of the eigenvector at each
303 location z; indicates its contribution to the total correlation,
304 and the spatial phase differences are described by the phase of
305 the eigenvector. To extract wavenumber information, which is
306 related to the gradient of the phase, Stockdon and Holman [3]
307 unwrapped the phases of P and estimated the local gradient of
308 the potentially noisy phase estimates, e.g.,

- iqBiJrl,l,f — di-11 )
W7 o (Tig1 —xim1)

309 This estimate is the cross-shore component of the dominant
310 wavenumber, and the full wavenumber requires an estimate
311 of the alongshore component, which they obtained from a
312 different analysis approach and was assumed constant across
313 the domain.

314 Although this method is computationally efficient, it suffers
315 several disadvantages. First, using only the first eigenmode
316 requires significant coherence across the entire domain. Typ-
317 ically, the center of the domain will dominate the first mode
318 [30]. Thus, the phase estimates at the offshore and onshore
319 ends of the array and at the location of wave breaking (where
320 coherence and phase are disrupted by changes in the imaging
321 mechanism for optical data) may be poorly estimated. Second,
322 phase errors due to observation noise or phase ambiguity are
323 difficult to estimate, which is problematic because error pre-
324 dictions are essential for assessing the value of the extracted
325 data. A potentially devastating situation is that of an array with
326 very dense samples such that the denominator of (7) approaches
327 zero and the estimate primarily amplifies measurement errors,
328 rather than identifying the slowly varying wavenumber. Fi-
329 nally, there is potentially useful information at multiple wave
330 frequencies in addition to that at the “dominant” frequency.
331 The identification of a “dominant” frequency involves tradeoffs
332 between signal strength, spatial coherence, and spatial resolu-
333 tion. These attributes are not necessarily the maximum at all
334 spatial locations at the “dominant” frequency. As we will show,
335 there are several advantages utilizing information from multiple
336 frequencies.

2) Nonlinear Inversion Method: Since wavenumber is non- 337
linearly related to the cross-spectral correlation, a typical 338
nonlinear inversion method, such as Levenberg—Marquardt 339
(LM) [31], can be used. The objective is to minimize the 340
weighted squared difference between successive estimates of 341
the modeled cross-spectral correlation when compared to the 342
observations, i.e., 343

i SO

where, at each iteration 7, the model-observation mismatch 344
is weighted by the observed coherence. For the 1-D case, we 345
cannot estimate the wave angle and, therefore, will only obtain 346
estimates of the cross-shore component of the wavenumber. 347
However, extension to two horizontal dimensions is straight- 348
forward (see Section III-C), given 2-D image sequences. 349
Linearized models for the wavenumbers on the tomographic 350
domain are solved iteratively as follows: 351

MODEL, 7
AC = {%jvfci,j,f -

T+1 T T
ARy, = (RTTRT) T [RT)TACE
R

— iy
=B jm.s
=154V 1D jmCoyy T A ©)

The model-observation mismatch is ordered as a column vec- 352
tor, with each element corresponding to a particular ¢—7; pair 353
of observation locations. The matrix R describes the sensi- 354
tivity of the cross-spectral correlation to the variation in each 355
wavenumber in the tomographic domain. Thus, each column of 356
R corresponds to the elements in the tomographic domain x,,,, 357
and each row corresponds to a x; —x; spatial separation pair. It 358
is possible to efficiently compute R by evaluating CMOPEL:™ 359
at the observation locations. In the case where the predicted 360
wavenumber updates Ak} . do not converge (according to an 361
a priori tolerance), the LM method diagonalizes R such that the 362
minimization method is equivalent to gradient descent search. 363

Error predictions for the wavenumber estimates are com- 364
puted as 365

(5)? = ding (R [R7)) " ([ACF)" [acF]) /v (10)

where the degrees of freedom v equals the sum of the co- 366
herences. This error prediction assumes that the errors in the 367
wavenumber updates are normally distributed, and that the 368
data are independent. The latter assumption is certainly not 369
true, since data from a single observation location contributes 370
to many observation pairs in the cross-spectral correlation 371
estimate. However, the error predictions should provide good 372
estimates of the relative error at different locations. Those lo- 373
cations with strong sample support (D > 0,7 > 0) and strong 374
sensitivity (d/dk|CMOPEL| > 0) will have the lowest error. 375

The nonlinear inverse method satisfies some important cri- 376
teria for providing robust wavenumber estimates. First, it 377
allows a spatially variable solution that can be applied to 378
all available frequencies. Second, error estimates that reflect 379
the sample design, the signal coherence, and the desired 380
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381 solution resolution are easily computed for use in assessing data
382 quality. We therefore suggest this to be the most appropriate
383 approach to wavenumber estimation in nearshore settings. The
384 primary drawback to implementation of the method is addi-
385 tional computational complexity. However, this drawback can
386 be handled using existing computational capabilities, includ-
387 ing efficient matrix operations, multiprocessor computers, and
388 ever-increasing memory.

389  3) Implementation Issues: Some final implementation is-
390 sues are addressed here. They encompass choices that must be
391 made about the analysis domain, which can have very different
392 and typically coarser resolution properties compared to the
393 image data. The tomographic resolution is a free parameter for
394 any application of this methodology. The cost of high resolution
395 is a larger sample design matrix D and a larger sensitivity
396 matrix R. Both must be stored in the computer memory, and the
397 latter must be squared and inverted. The cost of low resolution
398 is an inaccurate representation of the spatial variations of the
399 wavenumber. To balance these two costs, we chose to represent
400 the wavenumber estimate with basis functions such that

M
ki = Z ai,mkm

m=1

(1)

401 where a k,,, basis set is defined on a relative coarse domain, and
402 a; , represents smoothing weights used to project the basis set
403 to an arbitrary location ;. The smoothing weights can be any
404 filter function. We used a Hanning filter

a(8im) = {1 — cos (0.57[1 + 6;,m])},

5i,m = ‘.El — $m‘L;1

if Tim < 1
(12)

405 where L, is a smoothing lengths scale. A smooth solution

406 requires L, > Ax,, (where Az, is the tomographic domain

407 resolution). The sample design matrix must be modified to
408 include the spatial correlation imposed by the basis function

j
D jm = E aitm-

i’ =1

13)

409  Additionally, to impose continuity on estimates in regions
410 where there might be large data gaps, the sensitivity matrix R
411 used in (9) was augmented with the basis autocorrelation such
412that R = R+ pQ and Q = [am m/]T @m m/, where p=0.1
413 was used. This solution balances minimizing the cross-spectral
414 correlation errors against errors due to spatially erratic results
415 that are associated with unresolved scales of the solution.

416  While the coarse resolution (Ax,,) of the tomographic do-
417 main should be designed to adequately resolve the bathymetry,
418 it does not adequately resolve the much shorter scale of the
419 wave phase variations. Using x,, directly in (5) would lead to
420 integration errors in the model for the cross-spectral correla-
421 tions. To solve this problem, the coarsely defined and smoothly
422 varying wavenumbers on the x,, domain were interpolated to
423 a much finer grid spacing of 1 m, using (11). Phases were
424 then integrated to each observation location on this fine grid
425 using (5).

Phase ambiguity remains to be a problem. A particular 426
phase difference at large spatial separations might result from 427
the integration over a large number of short wavelengths, or 428
integration over a fraction of a larger wavelength. Mismatches 429
between the observed and predicted phase of the cross-spectral 430
coherence at these large lags may not be very useful in indicat- 431
ing whether a wavenumber estimate should be locally increased 432
or decreased to improve the fit to the observations. Since the 433
LM method assumes small phase errors, the coherence can 434
be artificially reduced at long lags by applying a Hanning 435
window mask (12) with a length scale parameter that adaptively 436
depended on the wavenumber estimate: L7, = 1/kT . where 437
kmax 1s the maximum computed wavenumber in the domain. 438
The mask was applied to the sensitivity as R} ; = R; ja;,; (i.€., 439
an element-wise multiplication, not convolution). We found 440
that this approach worked well for initial wavenumber guesses 441
that were either too high or too low. In principle, as the 442
estimate converges, more distant sensor pairs may be allowed 443
to contribute to the solution by increasing the length scale of 444
the mask. 445

Finally, the iterative estimation scheme requires an initial 446
wavenumber estimate. We suggest generating an initial esti- 447
mate using linear wave theory and an estimate of the water 448

depths. 449
III. APPLICATIONS 450
A. Synthetic Example 451

To evaluate the suggested wavenumber estimation approach, 452
we applied it to a synthetic data set. Cross-spectral correlations 453
[Figs. 1(a) and (b) and 2(a) and (b)]were computed for two 454
frequencies (i.e., 0.1 and 0.2 Hz) using linear wave theory 455
to construct wavenumber profiles from a planar depth profile 456
[Figs. 1(c) and 2(c)]. Random errors were included in the cross- 457
spectral correlation by adding 50% random noise to the “true” 458
wavenumber profile [Figs. 1(d) and 2(d)] and summing the 459
resulting phases over 100 realizations. This combination of 460
noise level and number of realizations produced cross-spectral 461
correlations with a realistic coherence decay with increasing 462
sensor separation distances. The phases were sampled at loca- 463
tion x5, with spacing Az of 5 m. The cross-spectral correlation 464
phases are, by definition, zero along the diagonal (i.e., where 465
the signal from location x; is compared to itself) and are an- 466
tisymmetric about the diagonal (®;; = —®;). The simulation 467
shows that the wavelength is longer offshore (phase differences 468
change slowly with spatial lags) and is shorter nearshore. 469
The low-frequency (longer) waves are better resolved (broader 470
coherence and clearly periodic phase structure) than the high- 471
frequency waves (narrow coherence, random phase structure at 472
large spatial separations). 473

Wavenumber estimates and corresponding error predictions 474
were obtained using the nonlinear inverse method on a to- 475
mographic domain with spacing Ax,, = 20 m. We performed 476
several experiments, including using all of the data, removing 477
some of the sample data in a patch located between S0 m < x < 478
100 m, and initializing the iterative method with wavenumbers 479
that were too large and too small. Fig. 3 shows the estimation 480
results applied to both frequencies. The estimated wavenumbers 481
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Fig. 1. Cross-spectral correlation (a) phase and (b) coherence for 0.1-Hz (10 s) wave propagation over (c) plane-sloping bathymetry. (d) Wavenumber samples
were generated using linear wave theory plus a random variation. Error bars show one standard deviation. Wavenumbers are shown normalized by the sample
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Fig. 2. Cross-spectral correlation phase and coherence for 0.2-Hz (5 s) wave propagation. Description of each panel is the same as in Fig. 1.

482 were very accurate at nearly all locations. At locations where
483 the estimate was relatively inaccurate, such as near the location
484 of the data gap, the error predictions (10) were also large.
485 It is worth noting that the wavenumber estimate depends on
486 the initial guess of the wavenumber in the region where data
487 were missing. While such dependence on the initial guess is
488 undesirable, the predicted errors correctly identify the region
489 that is susceptible to the problem.

B. Field Data Example 490

We evaluated the nonlinear inversion method for wavenum- 491
ber estimation using observations from a set of video cameras 492
mounted on a tower at the U.S. Army Corps of Engineers Field 493
Research Facility (FRF), Duck, NC. The cameras did not store 494
full image frames (Fig. 4) during the study period, but instead, 495
time series of intensity at a sparse set of spatial locations 496
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Fig. 3. Example wavenumber estimates using synthetic data for (a—c) a 10-s period and (d—f) a 5-s period. The estimation is started out with initial guess (circles)
that is half the true value (a and d). The estimate (4) is nearly identical to the true value (solid line). The rms error predictions (dashed line) are larger for the
less well-resolved 5-s period data. In the second experiment (b and e), a 50-m patch of the observations was removed between 50 < & < 100 m. In the third

experiment (c and f), the initial guess is twice the true value.

Fig. 4. Camera view of the Duck field site, showing the image time series
sample locations (black dots). The camera orientation and distortion are used to
map the data to georeferenced locations. The cameras are mounted on a tower,
whose shadow on the beach provides a self-portrait.

497 were retained for analysis (Fig. 5). This sampling scheme was
498 implemented to balance data storage constraints against the
499 requirements for resolving the important components of the
500 incident wave field. With a cross-shore sample spacing of about
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Fig. 5. Duck sampling pattern with the shoreline at the left near = 100.
Bathymetric survey locations are indicated by dots (very densely spaced in
the cross-shore direction); image time series (+) were sampled over the
2-D domain. The samples used in the 1-D analysis are indicated with bold
symbols. Wavenumbers were estimated on a sparse tomography domain, which
is indicated by circles (1-D case).

5 m, waves longer than 20 m (half the Nyquist wavenumber) 501
should be well resolved. This corresponds to waves with a 502
period longer than 6 s at a water depth of 1 m. At the Duck 503
field site, the annual mean wave period is about 8 s, which 504
means that a depth of 1 m, these waves have a 25-m wavelength 505
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Fig. 6. Cross-shore bathymetry transect surveyed on November 4, 1999, at
an alongshore location near 600 m (solid line), 560 m (long dash), and 640 m
(short dash).

506 and are well resolved. With this array design, these waves are
507 resolvable until water depths reach about 0.75 m. Thus, for this
508 field site, and depending on tidal height, wavenumber estimates
509 should be possible for the region offshore of about z = 120 m
510 (Fig. 6).

511 As in the synthetic example, we chose a cross-shore res-
512 olution of Az,, = 20 m for the tomographic domain and a
513 corresponding smoothing scale of L, =40 m. At the FRF,
514 ground-truth bathymetry data were obtained from a three-
515 wheeled (10-m footprint) survey vehicle, called the Coastal
516 Research Amphibious Buggy [32]. The ground-truth bathym-
517 etry along the 1-D cross-shore transect (Fig. 5, middle) that
518 is used in this analysis is shown in Fig. 6. It includes a very
519 steep swash zone (near = 120 m), an inner sand bar (z =
520 230 m), and an outer sand bar (z = 450 m). While the remote
521 sensing data extend from 100 m < z < 500 m, we estimate
522 the wavenumber both onshore and offshore of this extent. The
523 error predictions should indicate the locations where robust
524 wavenumber estimates are available.

525  Using the pixel array data collected on November 4, 1999,
526 at approximately 20:00 GMT, the sample cross-spectral cor-
527 relation (4) was computed at a series of frequencies ranging
528 from 0.07 Hz (15-s wave period) to 0.23 Hz (4-s wave period).
529 The record length was 68 min, and the sample interval was
530 0.5 s. The band-averaged frequency resolution was 0.03 Hz,
531 with 136 nonoverlapping frequency samples used in each band.
532 The phase and coherence are shown in Fig. 7 for each sample
533 frequency. Only the lower portion of the symmetric correlation
534 matrix was computed and stored. Spatial coherence, summed
535 over all spatial separations, was highest at 0.167 Hz (6 s),
536 followed by 0.10 Hz (10 s), and then 0.2 Hz (5 s) (Table I). We
537 expect that these frequencies will yield accurate wavenumber
538 estimates if the corresponding wavenumber structure is spa-
539 tially well resolved. Note that the peak wave energy does not
540 necessarily correspond to the peak coherence. In this case, the
541 peak wave period based on sea surface height measured 8 m
542 offshore was 8.9 s (0.11 Hz); the peak direction was 24° south
543 of the shore normal; and the significant wave height was 0.5 m.
544  The nonlinear inverse estimation method was applied to
545 the sample cross-spectral correlations at each frequency over
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Fig. 7. (Left column) Phase and (Right column) coherence for individual
frequencies determined from pixel array data (Duck, NC).

TABLE 1
COHERENCE AND WAVENUMBER ERROR STATISTICS

Frequency Total Coherence RMS wavengmber error
(Hz) (m5)
0.067 609.051 0.020
0.100 999.266 0.026
0.133 748.390 0.034
0.167 1052.162 0.048
0.200 855.658 0.053
0.233 638.458 0.068

the entire array. To initialize the iterative method, at each 546
frequency, a linear dispersion model was used (assuming shore- 547
normal wave incidence) to generate initial wavenumbers at each 548
location x,,. We used a bathymetry with a constant depth of 549
1 m for the initial guess. 550

For the purpose of comparison, linear wave theory was 551
used to compute the “true” wavenumber for each frequency. 552
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553 The measured bathymetry and tide level at the time of the
554 image collection was used. (We acknowledge that linear wave
555 theory gives an imperfect ground-truth for parts of our analysis
556 domain [20].) Fig. 8 shows the comparison of the “true” and
557 estimated wavenumbers. The rms mismatch between the “true”
558 and estimated wavenumbers was computed by using the pre-
559 dicted errors as weights. Thus, locations where the predicted
560 errors (shown as error bars) were relatively high did not con-
561 tribute as much to the rms error. The best estimates (Table I)
562 were obtained for the lowest frequency (0.067 Hz, rms error
563 0.02 m~1). This is a bit surprising, given the low coherence at
564 this frequency. However, these waves are relatively long, and
565 their spatial structure is well resolved by the sample design.
566 The three frequencies with largest spatial coherence also had
567 relatively low rms errors. Importantly, the spatial distribution of
568 the predicted errors reflected the locations having high-quality
569 data. Overall, the estimated wavenumbers were correlated to the
570 “true” values with 72 = 0.96 and a slope of 1.0 (Fig. 9).

571 C. Applications in 2-D

572 The wavenumber estimation methods based on fitting the
573 cross-spectral correlation can be extended to a 2-D domain.
574 This allows the wave direction to be included as an unknown
575 parameter. Drawbacks of such an extension are given as fol-
576 lows: 1) the number of unknown variables is doubled (and this
577 quadruples the computational effort for the wavenumber esti-
578 mation procedure) and 2) the dimension of the cross-spectral
579 correlation matrix is approximately squared, increasing both
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Wavenumber estimates using Duck data. Error bars show the rms error prediction. Solid line shows linear wave theory prediction for each frequency.
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Fig. 9. Comparison of estimated and “true” wavenumbers [correlation
coefficient = 1.05 and skill(r2) = 0.96]. Data represent all analyzed frequen-
cies and all locations in the tomographic domain.

computational effort as well as memory requirements for the 580
data analysis procedure. For example, the 2-D pixel array in the 581
field data application included 1124 sample locations, yielding 582
632250 useful cross-spectral correlation elements, each with 583
a real and an imaginary component, at each of the six sample 584
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(a) Estimates of (a) wavenumber magnitude and (c) wave direction and (b, d) predicted errors at a frequency of 0.10 Hz (10-s wave period). The median

direction at the seaward boundary was —5° (waves approach from the south, but nearly shore normal). White dots on the wavenumber error prediction plot indicate
image pixel sample locations. (b) Estimates of wavenumber magnitude and wave direction and predicted errors at a frequency of 0.167 Hz (6-s wave period). The

median direction at the seaward boundary was +29° (waves from the north).

585 frequencies. The result is 7.5 million data values. It should be
586 noted that the spatial extent of this sampling array is not unusu-
587 ally large, as it spans only a few hundred meters alongshore.
588 Many useful applications could extend at least several to tens of
589 kilometers alongshore. To overcome the data management hur-
590 dles, we solve the inverse problem locally over spatial regions
591 where we assume the wavenumber and direction to be slowly
592 varying. That is, we solve the problem at one spatial location at
593 a time (i.e., with M = 1) rather than solving for wavenumbers
594 at all locations simultaneously. Then, we move the analysis to
595 each element of the tomographic domain. The revised approach
596 still benefits from resolving both the frequency and spatial
597 dependence of the cross-spectral correlation without having to
598 assume a locally homogeneous bathymetry.

599  Fig. 10(a) and (b) shows the analysis of a 2-D domain.
600 The results are plotted for two different frequencies (0.10 and
601 0.167 Hz). Fig. 10(a) (0.10 Hz) shows that the wavenum-
602 ber is robustly estimated in much of the domain, indicated
603 by error predictions that are much smaller than the mini-
604 mum wavenumber. Errors are larger along the shoreline near
605 z = 100 m. At the offshore boundary, the direction of wave
606 approach varies somewhat but is generally close to shore
607 normal. The median direction along the offshore boundary
608 was —5° (waves approaching slightly from the south); the
609 median direction over the whole domain was —1°; and the
610 median directional uncertainty was 7°. Fig. 10(b) (0.167 Hz)

shows that wavenumber is, again, robustly estimated. At the 611
offshore boundary, the direction of wave approach was clearly 612
from the north. The median direction along the offshore 613
boundary was 28° (waves approach from the north); the median 614
direction overall was 20°; and the median directional uncer- 615
tainty was 4°. Fig. 11 shows independent estimates of the 616
frequency- and direction-resolved spectrum obtained from an 617
array of pressure sensors located 900 m offshore at a water 618
depth of 8 m [33]. It shows the same differences in approach 619
directions for the two frequencies presented in Fig. 10(a) and 620
(b). For both frequencies, the directions estimated from the 621
pressure sensors have larger magnitudes than the image-derived 622
directions. This is consistent with effects of refraction over 623
the 400-m propagation distance between the gage and the 624
seaward boundary of our estimation domain. Correcting for 625
refraction (symbols plotted in Fig. 11) significantly improves 626
the comparison between the image- and pressure-based wave 627
direction estimates. 628

D. Application to Bathymetry Inversion 629

While the wavenumber estimates are directly useful for char- 630
acterizing the wave directional distribution and for testing wave 631
dispersion relationships, a key motivation for this effort is to 632
facilitate robust remote-sensing-based bathymetry estimation. 633
Bathymetry estimation requires a solution of yet another inverse 634
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Fig. 11. Slices from directional wave spectrum based on in situ measurements
at a water depth of 8 m. The two frequencies closest to 0.1 and 0.167 Hz were
selected. Peak directions were —18 (0.1 Hz) and 34° (0.17 Hz). The refracted
peak directions were computed for shoaling from a depth of 8 m to a depth of
5 m and are shown with symbols (+ for 0.1 Hz and o for 0.167 Hz). The arrows
indicate the median direction at the offshore boundary corresponding to the 2-D
wavenumbers of the motion imagery analysis.

635 problem using a dispersion model that relates wavenumber to
636 water depth. We use linear wave theory, i.e.,

(27 f)? = gk tanh(kh) — k = funct.(f,h) (14
637 where ¢ is the gravitational acceleration, and A is the local
638 water depth. Given values for f (i.e., sample frequencies)
639 and h (a guess at the correct depth), this equation can be
640 solved for wavenumbers (it is a transcendental equation, solved
641 iteratively). We use the LM method to solve for the value of h
642 that minimizes the error between the wavenumber predicted by
643 (14) and that estimated from the imagery via (9). The advantage
644 of separating the bathymetry inversion from the wavenumber
645 inversion is that the quality of the image data can be objectively
646 evaluated. Data with large errors can be rejected outright, or the
647 errors can be used as weights in the inversion scheme, just as the
648 coherence was used in (8). Furthermore, since each frequency
649 is independent of the others, the depth inversion applied at each
650 spatial location uses a number of independent wavenumber esti-
651 mates. This should result in quantitatively accurate bathymetric
652 error predictions, because the number of degrees of sampling
653 freedom will not be overestimated. Otherwise, cross-spectral
654 correlation estimates are not independent because data from
655 each pixel are utilized multiple times as they is compared to
656 itself and all the other pixels. Another reason for separating
657 the wavenumber estimation from the bathymetry estimation is
658 that the sensitivity of wavenumber to depth is very high in
659 shallow water and is zero offshore. The near-zero sensitivity at
660 the offshore region will destabilize a global bathymetry inver-
661 sion, whereas this does not affect the wavenumber estimation
662 problem.
663 The wavenumber error predictions obtained from the non-
664 linear inversion can be used to identify thresholds used to
665 reject or weight the wavenumber estimates when applied to the
666 depth inversion problem. Fig. 12 shows the spatial distribution
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Fig. 12.  'Wavenumber error predictions and histogram.
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Fig. 13.  Water depth estimated from image-derived wavenumbers. The esti-
mates from the 1-D wavenumber inversion are shown with error bars and the
estimates from the 2-D analysis are shown as a solid line with dashed lines,
indicating one standard deviation error. The nearest survey observations are
shown as blue dots.

of the errors and the error histogram from all the locations 667
and frequencies. There appears to be a minimum error of 668
approximately 0.05 m~!. Thus, errors that are much larger than 669
this value indicate relatively low-quality data. Using a Gibb’s 670
energy analogy [27], weights applied to the depth inversion 671
were computed as E = exp(—e/k), where x was 0.02 m™!, 672
and ¢ is the error prediction (as long as x < 0.1, the choice 673
of k was not too important). The weight E is largest for error 674
predictions approaching the minimum error, and E is small for 675
larger errors. 676

Fig. 13 shows the resulting water depth estimates based on 677
the 1-D (cross-shore) estimates of the wavenumber. Skillful 678
depth estimates are obtained from depths between 2 and 6 m. 679
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Fig. 14. Comparison of bathymetry derived using (a) 2-D wavenumber es-
timates and (c) surveyed (and spatially interpolated) bathymetry. Maps show
(b) the predicted errors from the wavenumber inversion and (d) the actual
differences between wavenumber inversion and survey. White dots on the
error maps indicate the sample locations for both (b) imagery and (d) survey
data sets.
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680 The prediction is most accurate over the sandbar, where the
681 mismatch between surveyed and estimated bathymetry is less
682 than 10 cm, and the predicted errors are also small. Seaward of
683 about 300 m (depths > 5 m), the bathymetry estimate is less
684 accurate, and the error predictions are larger. Near the shore-
685 line, the wavelength is short and poorly resolved; wavenum-
686 ber error predictions are large, and the bathymetry estimate
687 is poOr.

688  The differences between the predicted and true bathymetries
689 are not random. Offshore, the predictions are too deep. This
690 is likely due to neglecting the wave direction for the 1-D
691 analysis and interpreting the cross-shore wavenumber compo-
692 nent as the wavenumber magnitude that appears in (14). In
693 essence, the cross-shore wavenumber is too small, and the depth
694 is overestimated. Near the shore, the bathymetry predictions
695 are, again, too deep. This could result from neglecting the
696 alongshore component of wavenumber, or it could be due to
697 wave nonlinearity wherein waves travel faster than predicted by
698 linear dispersion, and the resulting wavenumbers are smaller
699 than expected. The offshore wave height of 0.5 m at the time
700 of the analysis would lead to wave breaking at a water depth
701 of roughly 1 m; hence, there was very little breaking over
702 the bar—as evident in Fig. 4. Other mechanisms for causing
703 discrepancies, such as setup or strong wave—current interactions

are not likely to be too important because of the lack of wave 704
breaking to force them. 705

Using the wavenumbers from the 2-D analysis to estimate 706
the bathymetry (Figs. 13 and 14) results in shallower (and 707
mostly improved) bathymetry both offshore and at the shal- 708
lower portions of the profile, suggesting that refraction was, 709
indeed, largely responsible for the discrepancies observed in 710
the 1-D analysis. Larger errors in the middle of the 2-D 711
region appeared where there was strong alongshore bathy- 712
metric variability (Fig. 4). This variability was not allowed 713
by the smoothing properties inherent in the 2-D analysis 714

approach. 715
IV. DI1SCUSSION 716
A. Comparison to Other Methods 717

The proposed tomographic approach utilizing cross-spectral 718
correlations from coastal imagery resolves spatial and fre- 719
quency variability of the wavenumber field and includes er- 720
ror estimates that can be used to appropriately weight the 721
wavenumber estimates. The proposed approach comes with 722
a larger computational effort than other formulations. Is it 723
worth the effort? The formulations given in (1)-(9) show that 724
the theoretical underpinnings of all of the coherence-based 725
wavenumber estimation approaches are equivalent. Therefore, 726
applying each method to the 1-D test example should yield 727
similar results. Differences between methods will result from 728
the way that each approach rejects observation noise through 729
smoothing at the expense of spatial, frequency, or direction 730
resolution. Since we do not know the “true” answer (except 731
through forward modeling from the surveyed bathymetry), this 732
analysis will not necessarily identify the approach that is most 733
accurate. 734

1) Time Delay Approach: We use the method described in 735
[26] to filter the cross correlation (3) to estimate the time delays 736
between different sample locations. Fig. 15 shows the resulting 737
time delays between all sample pairs and the correlation at 738
each delay. Immediately apparent is the rapid decorrelation with 739
spatial separation. Nonetheless, time lag estimates are accurate 740
compared to “true” values derived using the known wave speed 741
via (2). The advantage of the time delay approach is that the 742
phase ambiguity problem is minimized. This is particularly 743
true in natural systems where the generally broad-band random 744
waves will guarantee that a single time delay will maximize 745
the correlation between sensors. (In laboratory settings with 746
monochromatic waves, strong correlations can be found at lags 747
that are multiples of the wave period.) Fig. 15 shows the phase 748
ambiguity appearing for time lags exceeding 20 s (or about 749
three cycles of the dominant 6-s wave period). A problem with 750
the time delay approach is that it is not clear how the quality 751
of the time delay estimates based on the correlation, which is 752
exceeding low at many relevant lags, is identified. Nonetheless, 753
we computed the wavenumber via an inverse solution of (2). 754
[Inverse solutions of (2) are, in principle, linear and do not 755
require iterations.] Fig. 16 shows wavenumber estimates based 756
on the time delays. In the middle of the computational domain, 757
the results are more or less equivalent to those in Fig. 8 at 758
f=0.167 Hz. 759
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Fig. 16. Wavenumber estimate (and rms error prediction) using time lag data
(assuming f = 0.167 Hz) compared to the linear wave theory prediction. The
solid line is the theoretical prediction for nondispersive waves, and the dashed
line is theoretical prediction for dispersive waves.

760  Another problem with the time delay approach is that
761 comparisons to predictions from a wave dispersion equation
762 (or its inverse) require specification of a dominant wave pe-
763 riod. In the cross-spectral correlation methods, wave period
764 (or frequency) is an independent variable, not a required input
765 variable. The dependence of time delays for different wave
766 periods shows that there could be considerable time delay
767 dependence on wave period (dashed line in Fig. 15), and that
768 these errors accumulate at large spatial lags.

769  2) Single-Mode (EOF) Approach: Given that the proposed
770 nonlinear estimation routine worked well in the test case, we
771 suspect that, due to the long time series and high coherence at
772 several frequencies, the single-mode EOF approach would also

be effective. Fig. 17 shows the results of that approach. The 773
results are very good, with a few exceptions. There is clearly 774
more short-scale variability in the EOF estimate, which did 775
not include any smoothness constraint. Simple spatial filtering 776
would achieve a smoother result. However, the EOF wavenum- 777
ber estimate is clearly unstable in a few locations at frequencies 778
with relatively low coherence. Unfortunately, there is not a clear 779
method to identify the errors. There is no reason to restrict the 7380
EOF analysis to a single frequency, and therefore, consistency 781
of estimates across a few frequencies may be used to provide 782
improved uncertainty estimates, particularly if the results are 783
used for bathymetry inversion. Furthermore, if there are multi- 784
ple dominant wave trains at a single frequency, the EOF method 785
could be applied to separate them as a preprocessing step to the 786
nonlinear estimation approach. 787

B. Spatial Resolution 788

It is important to identify the spatial resolution of the 789
wavenumber estimator presented in this analysis. Nearshore, 790
spatial variations in the incident wavenumber (i.e., kyave) result 791
from corresponding variations in the bathymetry. The scale 792
of the bathymetric variations might be shorter or longer than 793
the wave scale, and they might be shorter or longer than 794
what can be resolved by the sampling scheme.Intuitively, it 795
seems reasonable that we can resolve bathymetric variations 796
that are much longer than the incident wavelength. Can we 797
resolve bathymetric variations that are shorter than the incident 798
wavelength? How well must we resolve the incident waves? 799

AQ7
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800 To illustrate this problem, consider a flat seabed to which
801 small sinusoidal bathymetric perturbations are added. The flat
802 bottom yields a constant incident wave wavenumber Ky aye. If
803 the bathymetric perturbations are small, then the wavenumber
804 is modulated as k(x) = kyave(1l + B cos[2mzkpatny]), Where
805 kbathy is the wavenumber of the bathymetric perturbation, 3
806 is the resulting (small) amplitude of that perturbation relative to
807 the undisturbed wavenumber. Inserting a modulated wavenum-
808 ber into the equation for the cross-spectral correlation (5) yields
809 (e.g., the imaginary component)

3[C] = sin (2 Azkwave {1 + B cos[2mAzkpathy] })
sin(2r Azkwave)
ﬁkwave
2kbathy
/BkWaVC
2kbathy

+ 0(3%).

810 The interaction of the incident wave signal and the bathymetric
811 signal produces two scales of variability (as a function of
812 spatial lag Az) in addition to the wave scale. There is a
813 longer scale response associated with the difference between
814 the incident and bathymetric wavenumbers and a shorter scale
815 response associated with their sum. The response of these
816 contributions is linearly damped as kpatny increases relative
817 10 kwave-

sin (27 Az[kwave + Ebathy])

sin (27 Az [kwave — kbathy))

15)
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Comparison of wavenumber estimates using the singular value method (4 ) to the linear wave theory prediction at each sample frequency (solid line).
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Fig. 18. Sensitivity of wavenumber estimation errors to bathymetric pertur-

bation length scales kbathy’ normalized by the surface wavenumber kwave-
The two lines show the sensitivity for the case of no measurement noise
(solid) and 10% noise (dashed). Other parameters were kwave = 27/25 m—1,
Ax = Azy, = 2.5m,and L, = 5m.

This simple example indicates that there are several factors 818
that affect the ability to resolve short-scale bathymetric fea- 819
tures. First, these features modulate the cross-spectral correla- 820
tion most strongly when they are long compared to the incident 821
wavelength (i.e., small values of Kbathy/kwave). In practice, 822
there is an additional damping of short features due to the 823
spatial filtering that is imposed by our analysis. Fig. 18 shows 824
the percent error associated with attempts to retrieve sinusoidal 825
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826 perturbations of the incident wavenumber. Synthetic cross-
827 spectral correlation samples were generated from perturbed
828 wavenumber profiles. In the second example, 10% percent
829 noise was added to the “true” perturbed wavenumber profile.
830 In the case without noise (Fig. 18, solid line), the retrieval
831 errors are less than 20% for kpathy/Kwave < 2.5. The error
832 climbs rapidly for higher bathymetric wavenumbers due to
833 the smoothing filter that completely removes features with a
834 scale equal to the Nyquist wavenumber (knyq = 7/Axz, or
835 knyq/kwave = 9).

836 In the more realistic scenario where 10% percent noise was
837 added to the observations (Fig. 18, dashed line), the error
838 sensitivity is different. There is a local peak in the retrieval
839 error at kbathy/kwave = 1. This occurs because the difference
840 wavenumber term in (15) is zero, and only the sum wavenum-
841 ber contributes to the signal. The sum wavenumber (shorter
842 wavelength) is not well resolved by the sample spacing, and
843 consequently, the perturbation is not well estimated. As kpathy
844 increases, the retrieval error slightly decreases because the
845 difference wavenumber term, which is well resolved, once
846 again contributes to the signal. Finally, further increases in
847 kpathy are not resolved as the smoothing filter again dominates
848 the error.

849  There is a fortuitous relationship between sampling resolu-
850 tion capabilities and typical estimation requirements. Shorter
851 scale bathymetric features are found in the shallowest waters
852 where waves are most sensitive to depth variations. Since shore-
853 based imaging typically has higher resolution closer to the
854 shoreline, the short wavelength signals of interest are most
855 likely to be resolved. In deep water, the length scales of bathy-
856 metric features are longer; the wavelengths that are sensitive
857 to depth variations are also longer; and these longer scales still
858 ought to be resolved by the shore-based sensor. As a rule-of-
859 thumb (assuming measurement noise is unavoidable), the short-
860 est (cross-shore dimension) resolved bathymetric feature will
861 be about twice the wavelength of the incident waves that are
862 resolved by the imaging system. Allowing that nearshore waves
863 are inherently depth dispersive, which implies that kyaveh < 1,
864 this suggests that bathymetric features must be longer than
865 about ten times the water depth. For average water depths of
866 several meters, features that are tens of meters long are, in
867 principle, resolvable. This resolution is about ten times better
868 than what is achievable with the energy density identification
869 approach [15], even with a similar pixel resolution (1-2 m),
870 mainly because the assumption of a locally homogeneous
871 bathymetry over the sampling array region is not required in
872 the proposed method. The tradeoff is that the present approach
873 only resolves a single dominant wavenumber, while the energy
874 density approach resolves many different wavenumbers. The
875 latter approach may perform better in the case of a directionally
876 bimodal or very directionally broad-banded incident wave spec-
877 trum where the assumption of a single dominant wavenumber
878 may be overly simplistic.

879 V. CONCLUSION

880 We have reviewed several approaches that have been used
881 to estimate ocean surface gravity wavenumbers from wave-

resolving image sequences. Two fundamentally different ap- 832
proaches exist that utilize this type of data. A power spectral 883
density approach identifies wavenumbers that maximize image 884
intensity variance. Alternatively, a cross-spectral correlation 885
approach identifies wavenumbers that maximize intensity co- 886
herence. The first method finds, at an arbitrary wavenumber, 887
the frequency associated with maximum spectral density. This 888
approach requires application of a 2- or 3-D FFT to, typically, 889
full frame images. The spatial resolution of the wavenumber 890
estimates is typically O(100) times the image pixel resolution. 891

The second approach finds, at each resolved frequency, the 892
wavenumber that maximizes the observed cross-spectral coher- 893
ence. Numerous solution methods have been suggested for this 894
approach, including cross correlation and empirical orthogonal 895
function analysis. Here, we developed a solution based on a to- 896
mographic analysis that utilizes a nonlinear inverse method and 897
may be applied to both time- and frequency-domain analyses. 898
We demonstrate that a formal treatment of the problem leads to 899
a nonlinear inverse problem that can be solved to yield robust 900
wavenumber estimates and error predictions. 901

We expand in detail a frequency-domain solution approach 902
that yields robust retrievals of wavenumber estimates from the 903
imagery. The approach is tolerant to noise and other forms 904
of sampling deficiency and can be applied to arbitrary sample 905
patterns, as well as to full frame imagery. The approach pro- 906
vides error predictions that are useful for quality control and 907
subsequent applications to, for instance, bathymetry estimation. 908
A quantitative analysis of the resolution of the method indicates 909
that the cross-spectral correlation fitting approach has about 910
ten times better resolution than the power spectral density 911
fitting approach. Furthermore, the resolution analysis provides 912
a rule of thumb for bathymetry estimation: Cross-shore spatial 913
patterns may be resolved if their length is ten times the water 914
depth. This guidance can be applied to sample design to include 915
constraints on both the sensor array (image resolution) and the 916
analysis array (tomographic resolution). Finally, the method 917
supports bathymetry estimation through inversion of a wave 918
dispersion model. It does this by providing robust statistically 919
consistent and independent wavenumber estimates at multiple 920
wave frequencies. 921
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