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Long waves propagating over a circular bowl pit
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Abstract

An analytic solution to the mild slope wave equation is derived for long waves propagating over a circular, bowl-shaped pit
located in an otherwise constant depth region. The analytic solution is shown to reduce to a previously derived analytic solution
for the case of a bowl-shaped enclosed basin and to agree well with a numerical solution of the hyperbolic mild-slope equations.
The effects of the pit dimensions on wave scattering are discussed based on the analytic solution. This analytic solution can also
be applied to pits of different general shapes. Finally, wave attenuation in the region over the pit is discussed.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

As surface gravity waves propagate from the deep ocean to the coast, they are transformed continuously by
shoaling, refraction, diffraction, and reflection until they break and dissipate. Numerous numerical models have been
developed that include the above phenomena and predict the transformation of waves. However, since numerical
solution techniques inherently involve approximations, it is necessary to test these models against both analytic
solutions and laboratory and field data from representative cases. In theory, the most rigorous test cases would
involve comparisons with laboratory and field data, because they are the physical systems of interest. However, such
comparisons can be problematic, since it is difficult to measure all the necessary boundary and forcing conditions,
especially in field experiments. Comprehensive measurements are somewhat easier to obtain (and repeat) in a
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laboratory setting, yet difficulties arise when trying to reproduce the laboratory wave generating and absorbing
systems in numerical models. Also, experimental data always contain a certain amount of measurement errors.

Analytic solutions are another avenue for testing numerical models. While comparisons with physical data are a
good test of whether the physics of the model are complete, comparisons with analytic solutions are a direct test of
the numerical model scheme under idealized conditions. These comparisons are also useful for model development,
and an advantage of analytic solutions is that they are generally developed at reduced cost, time, and labor in
comparison to experiments. In addition, it is often simpler to use the analytic solution as a basis for evaluating
the influence of specific forcing or boundary conditions on the problem. Nonetheless, most wave transformation
problems are complex, and analytic solutions are available for only special situations.

A frequently considered problem in analytic studies of long wave transformation is the long wave motion around
a circular island mounted on an axi-symmetric shoal. Homma[4], Vastano and Reid[13], Jonsson et al.[5], and
Zhu and Zhang[16] studied long waves around a circular island mounted on a parabolic or conical shoal. Also,
Zhang and Zhu[15] and Fujima et al.[2] presented the solution around a conical island or over a parabolic shoal.
Recently, Yu and Zhang[14] presented a more general solution by describing the radial topography of the shoal by
a power of the radial distance.

In contrast, the present analytic study considers long waves propagating over a circular, bowl-shaped pit located
in an otherwise constant depth region. In addition to providing an analytic solution for use in verifying numerical
wave models, this new solution can be used to further study wave transformation over a bowl pit. Such a process is
of practical interest, for example, in the analysis of shoreline response in the lee of bathymetric anomalies created
by the dredging of nearshore sands (see Michalsen et al.[10] and references therein). In the following section, we
derive an analytic solution to the mild slope wave equation for long waves propagating over a circular bowl pit. The
analytic solution is then compared with a previously derived analytic solution for a related bottom geometry, and a
numerical solution based on the hyperbolic form of the mild slope equation. We also discuss the effects of the pit
dimensions on the wave scattering using our analytic solution. Finally, wave attenuation in the region over the pit
is discussed, and then we summarize the main conclusions.

2. Analytic solution

Consider an axi-symmetric bowl-shaped pit situated in an otherwise constant depth region as shown inFig. 1,
where the origin of the horizontal coordinate system is taken to be the center of the pit,r is the radial distance from
the origin, andθ is the angle measured counterclockwise from the positivex-axis. The incident wave is assumed to
be a long-crested wave propagating in the positivex direction. The water depths at the origin and in the constant

Fig. 1. Definition sketch of a circular bowl pit located in an otherwise constant depth region.
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depth region are denoted byh0 andh1, respectively. The water depth in the pit is taken as the shape of a paraboloid
and decreases gradually from the center to the edge, according to the law,h=h0(1− r2/a2), wherea is the radial
distance from the pit center to the imaginary edge of the pit extended to the water surface. Denoting the radial
distance to the actual edge of the pit asb, the water depth is given by

h =



h0

(
1 − r2

a2

)
, r < b

h1 = h0

(
1 − b2

a2

)
, r ≥ b

(1)

The mild slope wave equation is given by

∇ · (CCg∇η) + k2CCgη = 0 (2)

whereη is the complex water surface elevation,C the phase speed,Cg the group velocity,k the wave number, and
� is the horizontal gradient operator. For long (shallow water) waves,C ∼= Cg ∼= √

gh andσ2 ∼= gk2h, whereg is
the gravitational acceleration,h the water depth, andσ is the angular frequency of the waves. Thus, for long waves,
Eq.(2) becomes

h∇2η+ ∇h · ∇η+ σ2

g
η = 0 (3)

In the pit area whereh=h(r), this equation can be expressed in polar coordinates as

h

(
∂2η

∂r2
+ 1

r

∂η

∂r
+ 1

r2

∂2η

∂θ2

)
+ dh

dr

∂η

∂r
+ σ2

g
η = 0 (4)

Using the method of separation of variables, i.e., by assumingη as a product form:

η(r, θ) = R(r)Θ(θ) (5)

we obtain an eigenvalue problem forΘ, which leads to

Θn(θ) = C1n cosnθ + C2n sinnθ (n = 0,1,2, . . .) (6)

whereC1n andC2n are arbitrary constants. The functionR(r) corresponding to each eigenvaluen can then be shown
to satisfy the following ordinary differential equation:

(a2 − r2)r2
d2Rn

dr2
+ (a2r − 3r3)

dRn
dr

+ (ν2r2 − n2a2 + n2r2)Rn = 0 (7)

whereν is given by

ν = σa√
gh0

(8)

The integral of Eq.(7) takes the form of a Frobenius series[3]:

Rn(r) =
∞∑
m=0

αm,nr
m+c (9)

with α0,n being unity andc is a constant to be determined by the indicial equation. According to the Frobenius
solution, the series converges forr <a. Thus, the solution always converges in the pit region ofr <b.

The indicial equation,c2 −n2 = 0, gives two different integers forc:

c = ±n (10)
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which, in turn, give two linearly independent solutions:

Rn,1 =
∞∑
m=0

αm,nr
m+n (11)

Rn,2 = Rn,1 ln r +
∞∑
m=0

βm,nr
m−n (12)

Imposing the condition that water surface elevation must be finite at the origin,Rn,2 can be omitted.
Comparing Eqs.(9) and (11), we obtain

c = n (13)

Substituting Eq.(9) with c=n into Eq.(7) and collecting the terms of the same order ofr, we obtain

α1,n = 0 (14)

αm+2,n = (m+ n)(m+ n+ 2) − ν2 − n2

a2(m+ 2)(m+ 2n+ 2)
αm,n (m = 0,1,2, . . .) (15)

Finally, for long waves over a bowl pit, the water surface elevation is given by

η =
∞∑
n=0

AnRn(C1n cosnθ + C2n sinnθ) (16)

whereAn is an arbitrary constant.
The long-crested incident wave propagating in the positivex direction can be represented by

η0 = aieikx (17)

whereai is the incident wave amplitude andi = √−1. It is known thatη0 can be expanded into

η0 = ai
∞∑
n=0

inεnJn(kr) cosnθ (18)

whereJn is the Bessel function of the first kind of ordern, andεn is the Jacobi symbol defined by

εn =
{

1, n = 0

2, n ≥ 1
(19)

In order to obtain the full solution, we apply the method of matched eigen-expansions. Accordingly, we divide
the fluid domain into two regions in the horizontal plane: the finite region with variable depth (r <b), and the
semi-infinite far region with constant depth (r≥b). In the far region, the general solution of the complex surface
elevation satisfies the Sommerfeld radiation condition at infinity as well as the symmetry condition about thex-axis
and can be written as

η1 = η0 +
∞∑
n=0

DnH
(1)
n (kr) cosnθ, r ≥ b (20)

whereDn is a set of complex constants to be determined, andH
(1)
n is the Hankel function of the first kind of ordern.
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In the finite region with varying depth, the water surface elevation can be written as follows:

η2 =
∞∑
n=0

BnRn cosnθ (21)

whereBn=AnC1n is again a set of complex constants to be determined. The terms associated with sinnθ have been
dropped based on the symmetry condition.

At r =b, the dynamic and kinematic matching conditions require

η1 = η2 at r = b (22)

∂η1

∂r
= ∂η2

∂r
at r = b (23)

Substituting Eqs.(20) and (21)into Eqs.(22) and (23)while noting that{cosnθ} form an orthogonal set, we
have

BnRn(b) = aiinεnJn(kb) +DnH (1)
n (kb) (24)

BnR
′
n(b) = aikinεnJ ′

n(kb) + kDnH (1)′
n (kb) (25)

where the prime denotes derivatives. Solving forBn andDn, we find

Bn = aikinεn Jn(kb)H
(1)′
n (kb) − J ′

n(kb)H
(1)
n (kb)

kRn(b)H
(1)′
n (kb) − R′

n(b)H
(1)
n (kb)

(26)

Dn = aiinεn kJ ′
n(kb)Rn(b) − Jn(kb)R′

n(b)

H
(1)
n (kb)R′

n(b) − kH (1)′
n (kb)Rn(b)

(27)

Substituting these coefficients back into Eqs.(20) and (21), we can compute the water surface elevation for the
whole domain.

3. Results and discussions

3.1. Comparison with previously derived analytic solution

In the case that the bowl pit extends to the water surface, ora=b in Fig. 1, Lamb[6] derived the solution forR(r)
as

R(r) =
∞∑
n=0

Rn(r) =
∞∑
n=0

∞∑
m=n

Am,n

( r
a

)m
(28)

with the relation between consecutive coefficients:

Am+2,n = m(m+ 2) − ν2 − n2

(m+ 2)2 − n2
Am,n (29)

Note that the present solution forRn(r) starts fromm= 0 as shown in Eq.(9) while Lamb’s solution starts from
m=n. Lamb’s solution can be modified to start fromm= 0:

Rn(r) =
∞∑
m=0

Am+n,n
( r
a

)m+n
(30)
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Puttingm+n in place ofm in Eq.(29), we obtain

Am+n+2,n = (m+ n)(m+ n+ 2) − ν2 − n2

(m+ 2)(m+ 2n+ 2)
Am+n,n (31)

A comparison of Eqs.(15) and (31)shows that the present solution is identical to Lamb’s if the first two coefficients
of each solution are given asAn,n=an,A1+n,n= 0,α0,n= 1, andα1,n= 0. Hence, for the case ofa=b, in the pit region
the present solution is identical to Lamb’s and represents the seiching modes in a hemisphere basin. In general,
however, the present solution concerns the wave propagation over a pit in an unbounded domain. The present
solution can be easily extended to a pit with a different shape by changing the power ofr in Eq. (1). In this work,
we consider a pit with a parabolic shape with the second power ofr. As another example, for a cone-shaped pit, we
would use the first power ofr.

3.2. Comparison with numerical solutions

For comparison, the analytic solution was compared with an existing numerical solution based on the hyperbolic
mild slope equations developed by Copeland[1]. See Suh et al.[12] for more details of the computational procedure
used for hyperbolic mild slope equation models. The constant water depth,h1, was set to 3.2 m, and the relative
water depth tok1h1 = 0.167 so that the long wave assumption was satisfied. The dimensionless radius of the pit was
b/L1 = 0.5, whereL1 is the wavelength in the constant depth region. We tested three different water depths at the
center of the pit,h0: 6.4, 9.6, and 12.8 m. The first two still satisfy the common criterion for long waves,kh<π/10,

Fig. 2. Contours of diffraction coefficient for a bowl pit withh0 = 6.4 m andb/L1 = 0.5: (a) analytic solution; (b) numerical solution.
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while the last one slightly violates the criterion. The results are presented in terms of dimensionless coordinates,
x/L1 andy/L1.

The analytic solution forη involves an infinite series, but in practice this must be properly truncated. In other
words, we must find an integerN that is large enough such that the infinite series in Eqs.(18), (20) and (21)is
approximated with the desired accuracy. The number of terms,M, of the truncated Frobenius series of Eq.(9)should
also be large enough to give accurate results. Numerical tests for incident waves on constant depth, i.e. Eq.(18),
showed thatN= 40 was enough to give nice sinusoidal waves. In this study, we usedN= 70 andM= 30. The Bessel
functions in the analytic solution were computed using the subroutines in[11].

For the numerical solution, the grid spacing was chosen to be x= y=L1/30. The time step was chosen for
the Courant numberCr =C1 t/ x to be 0.2, whereC1 is the wave phase speed in the constant depth region. The
incident waves were generated inside the model domain using the technique of Larsen and Dancy[7]. Sponge
layers were used at both upwave and downwave boundaries, and reflecting conditions at the side boundaries. The
analytic solution was computed from−4L1 to 4L1 in the lateral direction. However, the numerical computation was

Fig. 3. Comparison between analytic and numerical solutions for diffraction coefficients for a bowl pit withh0 = 6.4 m andb/L1 = 0.5: along (a)
x-axis; (b)y-axis.
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performed from−8L1 to 8L1 and only the results in the range of−4L1 to 4L1 were used, in which the effect of the
side boundaries was minimal.

Fig. 2 shows a comparison between analytic and numerical solutions in the case ofh0 = 6.4 m. The incident
wave directionθ0 = 0◦, and the center of the pit is located at the origin. The contour lines indicate the values of the
diffraction coefficient, or the wave amplitude relative to the incident amplitude. The agreement between the two
solutions is excellent except in the far downwave region, where the numerical solution exhibits some disturbance
probably due to small wave reflection from the downwave sponge layer. For more quantitative comparison, the
diffraction coefficients were plotted along thex- and y-axis as shown inFig. 3. The two solutions are almost
identical again except in the far downwave region. It can be seen that in front of the pit a partial standing wave
system develops, while in the lee of the pit a shadow zone exists in which wave heights are reduced. A small peak
of diffraction coefficient appears just in front of the rear end of the pit, i.e. atx/L1 ∼= 0.4, probably due to wave
reflection from the rear wall of the pit. In the lateral direction, the diffraction coefficient shows a depression at the
center of the pit and oscillates with distance from the pit and approaches unity after several wavelengths.

Fig. 4. Comparison of diffraction coefficients among bowl pits with different central depths but with the same radius: along (a)x-axis; (b)y-axis.
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Without showing the results, we mention that the results forh0 = 9.6 and 12.8 m also show very good agreement
between the analytic and numerical solutions, with only minor differences beginning to appear as the relative water
depth in the pit becomes intermediate (i.e.h0 = 12.8 m). These results provide a useful further verification of the
accuracy of this numerical implementation for the situation considered. In the following section, we examine the
effects of the pit dimensions on the wave scattering using the analytic solution.

3.3. Effects of pit dimensions

Fig. 4shows diffraction coefficients (i.e. the wave amplitude relative to the incident amplitude) along thex- and
y-axis for the cases ofh0 = 6.4, 9.6, and 12.8 m with a pit radius ofb/L1 = 0.5. As the depth of the pit increases,
the partial standing wave (due to reflection) in front of the pit increases, and more wave energy is also scattered
laterally due to refraction; thus, there is more of a reduction of wave heights in the shadow zone. The location of the
smallest wave height in the shadow zone is shifted backwards as the depth of the pit increases, but the location of
the small peak in the pit remains almost constant. The lateral variation of the diffraction coefficient also increases

Fig. 5. Comparison of diffraction coefficients among bowl pits with different radii but with the same central depth: along (a)x-axis; (b)y-axis.



152 K.-D. Suh et al. / Wave Motion 42 (2005) 143–154

Fig. 6. Dimensionless amplitude of the first wave mode in the region of a pit as a function of dimensionless frequency,bσ/
√
gh0.

with the depth of the pit, showing the locations of its maxima and minima be shifted farther from the pit as the pit
depth increases.

Fig. 5shows diffraction coefficients along thex- andy-axis for the cases ofb/L1 = 0.25, 0.5, 0.75, and 1.0 with
a pit depth ofh0 = 6.4 m. As the pit radius increases with respect to the maximum depth, the slopes within the pit
decrease, hence, less wave reflection occurs. Nonetheless, the increased refractive scattering of the larger pits is a
greater effect; thus, for larger pits there is still a greater reduction of wave heights in the shadow zone. The location
of the smallest wave height in the shadow zone is shifted backwards as the radius of the pit increases. The location
of the small peak in the pit is also shifted backwards as the pit radius increases, as expected. As with the pit depth,
the lateral variation increases with the radius of the pit. Again as expected, the locations of maxima and minima of
the diffraction coefficient are shifted farther from the pit as the radius increases.

Fig. 7. Dimensionless amplitudes of several higher wave modes in the region of a pit as a function of dimensionless frequency,bσ/
√
gh0.
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3.4. Wave attenuation inside pits

When long waves propagate over a submerged island, waves are trapped in the region over the island so that the
amplitude of each wave mode is amplified at the resonant frequencies (see Longuet-Higgins[9] and Liu[8]). In the
case of a pit, however, we expect wave attenuation in such a way that the wave amplitude becomes smaller than the
incident amplitude in the region over the pit.Figs. 6 and 7show the amplitudes of several wave modes in the region
over the pit relative to the incident amplitude as a function of the dimensionless frequency,bσ/

√
gh0. The geometry

of the pit is the same as that used to produceFigs. 2 and 3. Calculation was made up to the dimensionless frequency
of 10.0 to see the behavior of the amplitudes with the change of the frequency, but the long wave approximation
(i.e. kh≤ �/10) is satisfied only up to the dimensionless frequency of about 2.9 for the largest water depth at the
center of the pit.

As shown inFig. 6, the dimensionless amplitude of the first wave mode (n= 0) is unity for very long waves,
decreasing to about 0.66 atbσ/

√
gh0 ∼= 2.4 and bouncing to oscillate around 0.7 for larger frequencies. On the

contrary, the amplitudes of the higher modes being very small for very long waves increase monotonically with
the frequency as shown inFig. 7, but they are much smaller than that of the first wave mode. In conclusion, wave
attenuation occurs in the region over the pit, as expected.

4. Conclusion

We derived an analytic solution to the mild slope wave equation for long waves propagating over a circular bowl
pit located in an otherwise constant depth region. The analytic solution was found to be an extension of Lamb’s[6]
solution for a hemisphere for specific values of the coefficients in the first two terms of each series solution. The
analytic solution was compared with a finite-difference solution of the hyperbolic mild slope equations, and the two
solutions were shown to be nearly identical. Hence, the present solution represents a rigorous test case for numerical
implementations of the mild slope equation. The effects of the pit dimensions such as the central depth and radius
of the pit were also examined, and the variation in wave scattering for different pit configurations was described.
Finally, it was found that wave attenuation occurs in the region of the pit in contrast to the wave amplification in the
region of a submerged island.
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